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Abstract. In section §6.4. of his book on current algebras IMicI Mickelsson notices that the 
infinite-dimensional Grassmannian manifold GrrcsCH, of Segal and Wilson, associated 
to a polarized complex separable Hilbert space H = 'H+ © H—, admits a (restricted) Spin'^ 
structure. By definition, this is a lift of the Ores bundle of restricted orthonormal frames on 
Grres to an Ores bundle, where Ores is a certain C*-central extension of the Banach Lie group 
Ores- Thus one considers the Banach Lie group Ores as an infinite-dimensional analogue of 
the finite-dimensional Lie group Spin'^. 

With the Spin'^ structure at hand, Mickelsson then moves on to consider the problem 
how one should define a Dirac type operator on this infinite-dimensional manifold. He gives 
a candidate for a Dirac operator, but unfortunately it turns out to be badly diverging and 
he states that the construction has to be modified and further developed in order to yield a 
well-behaved operator and leaves this as an open problem. 

Motivated by the fact that for a compact Lie group G, the space of L^-spinors on a 
homogeneous space G/H can be described purely in terms of representation theory by the 
classical Peter- Weyl Theorem, and noticing that the restricted Grassmannian manifold is an 
infinite-dimensional homogeneous Kahler manifold of the form C/res/(f/('H+) X ("H— )), we use 
the basic representation of the Banach Lie group Ures{'H.,'H+) on the fermionic Fock space 
T{'H,H+), introduced in IPrSe| . to construct a well-defined Dirac type operator acting on 
a relevant "space of spinors" of the restricted Grassmannian manifold. As our main result 
we show that our Dirac type operator is an unbounded symmetric operator with finite- 
dimensional kernel. 
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1. Introduction 

In this work we give a construction for a Dirac type operator on the infinite-dimensional 
restricted Grassmannian manifold Grics{'H,H+) of Segal and Wilson (cf. |PrSe| iMic) ) using the 
(projective) fermionic Fock space representations of the infinite dimensional restricted unitary 
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group Urcs{'H,H+) of a polarized Hilbert space H = T-L+ © "H-, 

C/rcs(H,H+) := {C/e C/(H) I [e,U](.C'], e := pr«^ - pr«_ , 

as well as certain infinite-dimensional spinor-representations of an infinite-dimensional com- 
plexified Clifford algebra. 

The history of the problem dates back to the book |Mic| written by Mickelsson, where he 
argues that the restricted Grassmannian manifold Grrcs admits a natural (restricted) Spin'^- 
structure and an attempt was made there towards a construction of a Dirac operator on Grrcs- 
However the candidate for the Dirac operator turned out to be badly diverging and Mickelsson 
wrote that the construction has to be modified by at least introducing some relevant normal 
orderings for the operator. 

The first step in the construction of the Dirac type operator on the restricted Grassmannian 
manifold is to notice that it is actually a (Hermitean symmetric) homogeneous space which is 
also a Kahler manifold. Our (purely algebraic) definition of the relevant space of spinors is 
then motivated by the famous Peter- Weyl theorem in the theory of finite-dimensional compact 
Lie groups, whose application in the finite-dimensional case gives that for a homogeneous space 
G/H which is spin, the space of L^-spinors on G/H is given in purely algebraic terms by the 
isomorphism 

L^{G/H, S) ^ L^{G xnSp)^ 0Va ® {V^ ® Spf, 

A 

where the Hilbert space direct sum is taken over all irreducible representations Vx of the compact 
Lie group G and Sp is a Clifford module for Cliff (p), where 

P=0/fl=r[eH](G/i/) 

is the orthogonally complementary vector subspace of the Lie subalgebra f) := Lie(iJ) in g := 
Lie(G). 

Since in the finite-dimensional case a relevant Dirac operator p acts separately on each 
summand of ®^Va (8) {V^ ^ Sp)^ a-nd acts trivially on V\ appearing on the left hand side 
of each tensor product V\ ^ {V<^ (E) Sp)'^, it is enough to study the behaviour of ^ on each 
i?-invariant piece {V^ (g) Sp)^ ■ If the subgroup H oi G happens to be connected one knows that 

{Vx ® %f = {Vx ® ^pf = {w(^Vx®Sp\Xw = Q for aU X e [)} . 

Here the Lie algebra f) acts on V^ by restriction of the (differentiated) ^-representation on V^ . 
On Sp the action of \) is given by the composition of the spin lift adp : fi — > spin(p) C Cliff (p) 
of the isotropy representation adp : () — > so(p) and the action of the Clifford algebra Cliff (p) 
on the spin module Sp . And finally, on the tensor product V^ (E) Sp one considers the diagonal 
representation of f) of the two representations described above. 

The Dirac operator with respect to the Levi-Civita connection acting on the [}-invariant space 
{V^ (8) Sp)'' can then also be given in purely algebraic terms, 

dimp , 

P=J2[ ^(^») + -X* ■ ad pX, 

where the sum is taken over a basis {Xi} of p. Here we have used the identification /\^(p*) < — > 
p C Cliff(p) that follows from the well-known Chevalley isomorphism and the dot • refers 
to Clifford algebra multiplication. If the homogeneous space M — G/H happens to be a 
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Riemannian symmetric space this further simplifies to 

dim p 

(1.1) p=Y,t{x,)®x*. 

i=l 

Moreover, in this case the square Ijf can be written as 
(1-2) 1^ = Afl + \rM. 

where Ag denotes for the Casimir operator of q and G M is the scalar curvature of M . 

Since the restricted Grassmannian manifold can be written as a homogeneous space G/ 
where G := Urcs{'H,n+) and H := U{n+) x C/(H-) with U{n+) x C/(H_) connected, we make 
the simplest non-trivial choice for our Hilbert space of spinors in the infinite-dimensional case 
at hand, and set 

(1.3) L'{Gr,,,,S):^{T(,®%)''\ 

where J-q d J- denotes the charge 0-sector of the fermionic Fock space J- := J^('H,'H+) and §p 
is the complexification of §p (to be precise, we shall actually take the invariant sector of the 
tensor product with respect to a certain subalgebra f}^ of but at the moment we omit this 
detail). 

Recall that the fermionic Fock space (which gives an irreducible projective unitary rep- 
resentation of the Lie group t/res) decomposes into charge m-sectors J- = ©rngz-^™' where 
each J^m is a representation space for an irreducible projective unitary representation of the Lie 
algebra Uics := Lie(J7i.os) as well as for its complexification gl^^g. Notice also that the Clifford 
algebra Cliff (p) is really well-defined in this case since the infinite-dimensional vector space 

p^T[,H]{G/H) 

is a Hilbert space for Grjos being a Hilbert manifold. Thus there exists a natural inner product 
structure on p, which is of course necessary for one to be able to define an (infinite-dimensional) 
Clifford algebra Cliff (p). Again, there exists a direct sum decomposition g = f)©p, but the reader 
should notice that this is no longer an orthogonal decomposition like in the finite-dimensional 
case, since we only have a natural inner product structure on p (given essentially by a real 
part of a trace of a product of two Hilbert-Schmidt operators) and not on the whole space g. 
Luckily, this is enough for our purposes. 

One should also pay attention to the fact that we have complexified everything in ()1.3p in 
comparison with its finite-dimensional analogue. This is related to a certain tensor product 
vacuum structure on (J^j'XiSp)'' i which is only applicable in the complexified setting and is the 
key element in making the Dirac operator a well-defined (non-divergent) unbounded operator 
on {J-Q (8) Sp)'' with a dense domain consisting of certain polynomial elements in this space. 
Moreover, the diagonal action of i)^ on the tensor product Jx) §p requires a proper normal 
ordering description which we solve. 

By the results of Spera and Wurzbacher |SpeWu| , one knows that the restricted Grassman- 
nian manifold is an (infinite-dimensional) Hermitean symmetric space, which suggests mimick- 
ing equation (jl.ip . Once again, one complexifies and then goes to the limit. Our definition 
is 

^■=\J2 r{E,,)®-i{E,,), 

i]<0 

where {Eij \ i,j £ Z, ij < 0} is a certain natural Hilbert basis for the complexification p"'. 
Actually, this definition gives a well-defined (unbounded) symmetric operator on the whole 
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tensor product ® §p and not just in the (^''--invariant sector. The reason that we restrict to 
look at the Dirac operator ^ only in the f)'^-invariant sector is that in general one may hope to 
prove the finite-dimensionality of the kernel of a linear operator T by looking at its square and 
showing that dimker(T-^) < oo, and on the other hand the expression for the square ^ gets 
a more simple and more tractable form in the f)'''-equivariant sector since a certain diagonal 
Casimir operator of I}"' appearing in the expression for ^ becomes very easy to understand in 
the fi^'-invariant sector. 

In order to show that dimker(^) < oo we introduce a concrete diagonalization for the square 
of the Dirac operator. What this all boils down is that on the [f' -invariant part (J-q (8) Sp)'' 
of the tensor product, the square of the Dirac operator turns out to be essentially a sum of a 
fermion number operator F acting on the spinor part §p of the tensor product and a certain 
normal ordered Casimir operator AgC for the central extension of the Lie algebra Qi-^^s = u^es^C 
acting on the fermionic Fock space J-q. As a Casimir operator for the central extension it does 
not commute with the representation, but we are able to compute explicitely commutator laws 
that imply the wanted diagonalization. 

However, to obtain information on the diagonalization of ^ in the [^''-invariant sector, there 
is still a technical complication preventing one to do this directly: the f)'''-invariant subspace 
is not closed with respect the various commutator operators one needs to apply if for example 
one diagonalizes the Casimir operator AgC on J^o (see Appendix C). To overcome this technical 
difficulty we proceed as follows: 

(1) The square ^ has an algebraic expression as an infinite sum of operators in the f)"'- 
invariant sector, which is not the same expression as the algebraic expression for ^ on 
the whole tensor product ® §p since certain terms of ^ become much more simple 
in the [j^'-invariant sector. 

(2) The algebraic expression for ^ in the f) "'-invariant sector makes also sense as an operator 
when acting on the whole tensor product J-q (8i Sp ■ This trivial lift is denoted by . 
We emphasize that : J^o §p — > Fq (S) §p is not the same operator anymore as 
^ : J^o Sp — > Fo Sp by what we just said in (1). However, restricts to the f)"' 

invariant sector of the tensor product and inside (J^o •S'Sp)''*^ it is trivially true that the 
operators and 0^ coincide. 

(3) The commutator arguments used in the Appendix C are legal for : Fq — > 
Jx) ® Sp, and produce a concrete diagonalization for it, i.e. there exists an orthonormal 

basis of eigenvectors, whose eigenvalues we know. 

(4) Knowing concretely a diagonalization for : Fq iS) S>p — > J-q <E) Sp tells something 

about the spectral properties of the restriction of to the subspace ( J"o <8i Sp)^ • But 
once again this is 

This way we are able to prove that in the i)"''- invariant sector dimker^ < oo, which 
implies that in the same sector also dimker^ < oo. 

Acknowledgments 

The author would like to express his gratitude Jouko Mickelsson for introducing the research 

problem and giving many helpful comments during the working process. The author also 
thanks Tilmann Wurzbacher for many detailed comments that had the impact of improving 
the manuscript significantly. 



6 



VESA TAHTINEN 



2. DiRAC OPERATORS ON HOMOGENEOUS SPACES 

In this section we follow |La) . 

Let G be a compact, semisimple, connected Lie group, and let H he a, closed connected 
subgroup of G. We consider the quotient space G/H of left (resp. right) cosets with the 
quotient topology. The resulting space is then known to be a smooth (connected orientable) 
manifold. If we denote by tt : G — > G/H the projection map sending e G to the left coset 
Hg £ G/H (resp. right coset gH e G/H) then 

(1) vr : G — > G/H is a smooth map. 

(2) vr : G — > G/H admits the structure of a (smooth) principal iJ-bundle, where H acts 
on G via the Lie group multiplication map m : G x G — > G, when restricted to a map 
H X G — > G (resp. to a map G x H — >• G). 

Suppose G acts smoothly on a G°° manifold X. If the action is transitive (i.e. for each 
x,y G X we have g ■ x — y for some g G G), then we say that X is a homogeneous space. 
Moreover, if we let H be the isotropy or stabilizer subgroup (i.e. the subgroup fixing a point 
X € X), then we have an isomorphism X = G/H. 

Below we give a list of the most basic properties of homogeneous spaces M := G/H. 

2.1. Homogeneous vector bundles. 

Definition 2.1. A homogeneous vector bundle over M is a vector bundle E — !• M together 
with a lifting of the G-action on the base manifold M to a fibrewise linear G-action on the 
fibres. 

Example 2.2. Let y be a representation of H. Viewing tt : G — !• M as a principal H-hundle 
we may consider the associated homogeneous vector bundle G x h V — > M given by 

GxhV -.^GxV/ {{g,v) ^ {gh,h-\)] . 

The G-action on G X/f y is just left multiplication on the G-component and the projection map 
takes {g,v) ^ gH. 

On the other hand it is known that all homogeneous vector bundles on M are induced by 
representations of H . 

2.2. Functions. Functions on the homogeneous space M correspond to right H-invariant func- 
tions on G i.e., those functions that satisfy f{gh) — f{g) for all g E G, h £ H . 

2.3. Sections of homogeneous vector bundles. Let p be an action of on a vector space 
V. Sections of the homogeneous vector bundle G x^ V correspond to right H-equivariant 
maps s : G — > V satisfying s{gh) = p{h)^^s{g). The associated section is given by s{gH) = 

(5,5(5)) e (G XHV)gH. 

Now according to the Peter- Weyl theorem, we may decompose the space of L^-maps from G 
to V into a sum over the irreducible representations Vx of G, 

(2.1) L^iG)®V ^^Vx(SV;: (SV, 

with respect to the action l^r^poiGxGxH. The i7-equivariance condition is equivalent to 
requiring that the functions be invariant under the diagonal iJ-action h i~> r(/i) ® p{h). Hence 
restricting the Peter- Weyl decomposition above to the i?-invariant subspace, we get 

L\GxhV) ^ @Vx®{V^®Vf 

(2.2) = ^ Vx^-RomHiVx^V). 
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The Lie group G acts on the space of L-^-sections of the associated vector bundle G XhV — > 
G/H by l{g), making the Hilbert space L'^{G Xh V) an infinite dimensional representation of 



2.4. Tangent bundle. Let (•,•) be the Killing form on g = Lic(G). Since G is compact 
semisimple, this is an Ad-invariant inner product on g. Since f) C g, where f) :— Lie(iJ), we may 
use the Killing form to produce an orthogonal decomposition g = f) ® p, where p :— t)-^ = g/f}. 
This makes it possible to identify the tangent space at the identity coset with TM^h — P- The 
group H acts onp = t)^ by the adjoint action (the inner product is Ad-invariant, so AdiJ fixes 
both t) and p). This makes it possible to identify the tangent bundle with TM = G XhP- Since 
this is a homogeneous vector bundle, vector fields on M (i.e. sections of TM) can be identified by 
the above with maps ^ : G — > p satisfying the i?-equivariance condition ^{gh) = (Ad h~^)^{g). 

Let TT : G — > M be the projection map. The bi-invariant metric on G makes it possible 
to identify tt*TM with a subbundle of TG. Hence for any vector field ^ e X(M) the puUback 
TT*^ gives a lifting of ^ to a vector field on G. Conversely, given a vector field ^ on G, the push 
forward tt*^ is well-defined provided that ^ is right il-equivariant. 

2.5. Decomposition of isotropy representations. Let p := f)-"- = g/[) be the orthogonal 

complement of f) in g with respect to the Killing form (•, •) of g. 

The adjoint action of -ff on g = t) ® p respects this sum decomposition, so that we obtain 
two representations Ad(, and Adp of on f) and p respectively. Differentiating these gives us 
the corresponding Lie algebra representations ad(, and adp of f) on f) and p. 

The Clifford algebra decomposes into the tensor product Cliff (g) = Cliff (()) (g) Cliff (p) so 
that the spin lift adg : f) — > 5pin(g) C Cliff (g) of the adjoint action ad : f) — > 5o(g) becomes 
the sum adg = adf, ® 1 + 1 ® adp of two separate spin actions adf, : t} — > Cliff ([)) and 
adp : 1) — > Cliff (p). This way the spin representations Sf, and §p of Cliff (f)) and Cliff(p) 
become representations of the Lie algebra i). Moreover, if t) is of maximal rank in g, the 
complement p is even dimensional and so the spin representation of f) decomposes as the tensor 
product §g = §[, (g) Sp of [)-representations. 

2.6. Spin structures on G/H. 

Definition 2.3. A Ricmannian manifold {M,g) of dimension n is called a spin manifold if 
its principal SO(n) frame bundle P admits a double cover Q — > P that restricts to the map 
Ad : Spin(n) — > SO(n) on each fibre. 

The choice of such a principal Spin(ri)-buridlc Q on M is called a spin structure. Given a 
spin structure on M the tangent bundle is then the bundle TAd = Q y<spin{n) H^" associated to 
the double cover Ad : Spin(n) — > SO(n). Associated to the spin representation S of Spin(n), 
one has the spin bundle S = Q Xspin(n) 

2.6.1. The homogeneous space case. Recall that the tangent bundle to G/H is the vector bundle 
GxhP — > G/H associated to the isotropy representation Ad : H — ^ SO(p). The correspond- 
ing frame bundle is the principal SO(p)-bundle G Xh SO(p). 

The homogeneous space G/H is a spin manifold if and only if Ad can be lifted to a spin 
representation Ad : H — > Spin(p): 



G. 



Spin(p) 



Ad / 



Ad 



H 



Ad 



-SO(p) 
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Given such a lift, the corresponding Spin(p)-bundle Q = G Xh Spin(p). Letting then p be the 
composition of Ad : H — > Spin(p) with the spin representation of Spin(p) on the spin module 
§p one obtains the spin bundle S — > G/H as the associated vector bundle G X// Sp. Hence 
applying equation p.2[) to the spinor bundle S we obtain 

(2.3) L\G/H, S) - L\G §p) = ^Vx ® HomH(FA,§p), 

where we sum over all irreducuble representations Vx of G. 

Remark 2.4. Even if the homogeneous space G/H is not a spin manifold, it might still admit 
a Spin'^ structure. In analogy with spin structures this happens if and only if the isotropy 
representation Ad : H — > SO(p) can be lifted to a map 

Ad:H^ Spin-(p) = ( Spin(p) x [/(I)) / {±(1, 1)} . 

2.7. Levi-Civita connection. The homogeneous space M = G/H has a natural metric de- 
fined by 

{£„v)m (7r*^,7r*77)G. 
Moreover the vector field bracket on AI is given by 

[tv] = Tr4TT*^,n*T]]. 

The Levi-Civita connection on M is then given by 

for all £,,rj E X{M). If we consider the vector fields ^ and rj as i/-equivariant maps : G — > p, 
the Levi-Civita connection then becomes 

(Vfry)(ff) = (9ery)(.g)-f ^K(.9),^(.9)]p, 

where [•, -Jp denotes the Lie algebra bracket on g projected onto p and is the directional 
derivative. This is written in shorthand notation as = -I- ^ adp ^, where adp : p — > so(p) 
is the projection of the adjoint representation onto p given by adp X : Y [X, Y]p. This has 
a spin lift ad p : p — spin(p) given by 

dim p 

^pX^-J2x:-[x,x,]„ 

1=1 

where {Xi} is a basis of p, {X*} its dual basis satisfying {X*,Xj) = Sij, and the product • is 
taken inside Cliff (p) under the Chevalley identification. 

From now on we assume that M — G/H is a spin manifold so that it makes sense to talk 
about L^-spinors. We may view the Hilbert space of L^-spinors on G/if as L^-maps s : G — > §p 
satisfying the iJ-equivariance condition s{gh) = {Adh^^)s{g). It follows that the Levi-Civita 
connection on spinors then becomes 

\/^^d^ + ^adp^, 

where ^ : G — !• p is a vector field on G/H. 

On a homogeneous space G/H, given a basis {Xi} of p, the left translates {g, Xi) G GxhP = 
TM give a frame for the tangent space to G/H at the coset gH. We may again write the 
directional derivatives dx^ = i^i^) in terms of the right action of g on functions. The Dirac 
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operator with respect to the Levi-Civita connection on the spin manifold M = G/H thus 
becomes 

dim p 

(2.4) p^Y. (^(^'') + T^K ■ 5 pX,) , 

1=1 

where the sum is taken over a basis {X^} of p. Algebraically this Dirac operator can be viewed 
as an element of ?7(g) ® Cliff (p). 

Choose a basis {^a} of f). Landweber |La| computes the square of the Dirac operator p on 
G/iJ associated to the Levi-Civita connection to be 

i i a 

(2.5) - l0(^^(^pX,)^- ATrp^(adp;^j2y 

i i 
3. DiRAC OPERATORS ON COMPACT RiEMANNIAN SYMMETRIC SPACES 

In this section we don't assume our (finite-dimensional) Lie groups G and H to be compact, 
unless otherwise stated. 

Definition 3.1. Let M be a Riemannian manifold. If for each point p G M there exists an 
isometry jp : M — > M such that jp{p) = p and {djp)p — — idp, then M is called a Riemannian 
symmetric space. The map jp is called a (global) symmetry of M at p. 

Theorem 3.2. Every Riemannian symmetric space M is a homogeneous manifold, i.e. M = 
G/H with G and H here not necessarily compact. 

Proof. See e.g. |Hi] □ 

Definition 3.3. The isotropy representation of a homogeneous space M = G/H is the homo- 
morphism Ad^^" : H — > GL{Tq{G/H)) defined hyh^ {dTh)^, where = eiJ and (a e G) 
is the diffeomorphism G/H — > G/H, gH i-)- agH. 

Definition 3.4. A homogeneous space M = G/H is called reductive if there exists a subspace 
p of g such that g = f) p and Ad(ft,)p C p for every h E H, i.e. p is Ad(i?)-invariant. 

Example 3.5. If G is a Lie group and H is a. (closed) compact subgroup of G, then G/H is 
known to be a reductive homogeneous space. 

Remark 3.6. If G/H is a reductive homogeneous space, the isotropy representation of G/H is 
equivalent with the adjoint representation of H on p. 

Proposition 3.7. Let M = G/H be a Riemannian symmetric space, and let g and f) be the 
corresponding Lie algebras, respectively. Then there exists an involutive automorphism ct of G 
for which i) = {X e g \ da{X) = X}. Moreover, 

(1) = « ® p with p = {X e g I da{X) = -X}; 

(2) The subspace p is Ad(_ft')-invariant (so that taking into account (1), M — G/H is a 
reductive homogeneous space). 

(3) The following identities hold: 

[i],p]cp, [i),i)]Ct) [p,p]cf]. 
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We now make the assumption for the rest of this section that M = G / H \& a. Riemannian 
symmetric space with G a compact Lie group and K its closed subgroup. Moreover we assume 
that M has a homogeneous spin structure and choose an orthonormal basis {Xi\ for p. Then it 
follows from Proposition 13.71 part (iii) , after recalling the definition of ad p , that equation (|2.4p 
may now be written in the much simpler form 

dim p 

(3.1) ^= 5] r(xo®x;. 

i=l 

It turns out that the awkward looking square in (j2.5p obtains a really nice and conceptual form 
when we add the extra condition that AI — G / H is symmetric: 

(3.2) ^ = A, + irM, 

where Ag denotes for the Casimir operator of g = Lie(G) and tm € M is the scalar curvature 
of the Riemannian manifold M . For a proof, the reader should consult for instance |Fri) §3.5. 
The importance of this formula lies in the fact that it allows one to compute the eigenvalues of 
^ purely by means of representation theory. 

4. CAR ALGEBRA REPRESENTATIONS 

In this section our reference is (Wu| . 

4.1. Fermionic Fock space. Let first H be a complex Hilbert space with inner product (•, •) 
(which we will always assume to be C- linear in the second argument). The full tensor product 
Hilbert space ^T-L is then equipped with the inner product 

n 

{hi®---®K,h\®---® h'„^) = Sn,,n ■ Y[{hj,h'j). 

i=i 

Setting 

hi A ■ ■ ■ A hn ^ sign(cr) • (g) • • • (g) /i^(„) 

one finds that 

(/ii A • • • A hn, h[A--- A h'J = dot ((^j, ^fc)i<j,fc<«) • 

Here and in the sequel we will always complete sums, tensor products and wedge products of 
Hilbert spaces without changing the symbols. 

Now let H = ® %- be a complex separable Hilbert space with a given polarization and 
G : % — > % an anti-unitary map called the charge conjugation. One defines following Hilbert 
space called the fermionic Fock space F = F in three steps as follows. First we define 

J-i"^ = C, F^^^ = n+ and J-i^^ = CH^ 

and set J-(«^") = /\" (g, /\™ j-i^^ and finally 

n,m>0 

where F+ := e„>„ A" and F^ := e„>o A" -^i'^- 

The vector |0) 1 e J^(°'°) is the vacuum vector and elements of will be considered 

as describing a physical system of n particles and m anti-particles. 
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4.2. CAR-algebras 2t('H+) and 2t('H_). For each / e 'H+ there exists operators a*(/), a{f) e 
B{!F) called the particle creator and the particle annihilator, respectively. The first operator is 
C-linear in / in 7i+ while the second operator is C-antilinear in /. They act on decomposable 
elements V'"'™^ = /i A . . . A /„ (g) Cgi A . . . A C.g,„ € J-(«.'») by 

(4.1) a*(/)V("''"^ = / A A A . . . A /„ ® C51 A . . . A 
and 

n 

(4.2) a(/)V("'™) = Y,{-iy+\f, /,)/i A . . . A A A . . . A /„ ® C51 A . . . A 
These satisfy 

(a(/))*=a*(/) and ||a*(/)l| = ||a(/)|H ||/|| . 
Moreover they obey the following canonical anticommutation relations (CAR): 



(4.3) {aif), a* if')} = a{f)a*{f') + a* (naif) = (/, f)n ■ 1^ 

(4.4) {a*{f),a*{f)}=0 = {a{f),a{f')} 

Definition 4.1. The unital C*-algebra generated by the operators a*{f) and a{f') in B{J^) 
(the unital Banach algebra of bounded linear operators in the Fock space J^) is called the 

CAR-algebra of "H-i- and is denoted by 2l('H+). 

For each g G T-L- there exists a second set of operators b*{g), b{g) e B{F): 

(4.5) 6*(5)V("''") = (-l)"/i A . . . A /„ ® A C51 A . . . A 
and 

m 

(4.6) 6(ff)V("'™) = (-l)"/i A . . . A /„ ® ( ^(-1)^+1 (Cff, A ... A C^- A ... A Cgm) 

These operators, called the anti-particle creator and anti-particle annihilator respectively, 

satisfy 

(4.7) (&(.9))*=fo*(.9), ||fo*(.9)ll = l|6(.9)ll = llffll 

(4.8) {b{g),b*{g')} = (^3,^5% • 1^ = (<?',5)« • 1^ 

(4.9) {&*(g),6*(g')} = = {&(.9),&(.9')} 

The operators b*{g) and 6((?) generate the complex conjugate 2l('H_) of the CAR-algebra of H- 
in B(7-). 

Now the vacuum vector |0) is, up to scalar multiples, the only vector in T satisfying 

(4.10) a(/)|0) = for all / e H+, and 

(4.11) KqM = forallgeH-. 

4.3. The space /"p"' of polynomial elements in We want to consider an algebraic 

version of the fcrmionic Fock space living inside T, which we call here the space of polynomial 
elements in and denote by J^p°'. The name refers to the defining property that elements of 
consist of all finite linear combinations of elements in a fixed Hilbert basis for 
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Definition 4.2. Let % — %+ "H- be a polarized separable complex Hilbert space. Let 
{uk\ be a countable orthoiiormal basis of and {vk\ be a countable orthonormal basis of 
Let be the space of all finite C-linear combinations of the decomposable elements 

B("'™) := span = w,, A . . . A Cw^, A ... A Cvj^ 

(4.12) ii < i2 < • • • < i„ and < j2 < • • • < jmj- 

Definition 4.3. The space of polynomial elements in F = J-{H,H+) is defined as the algebraic 
direct sum 

alg 
n,m>0 

Remark 4.4. We want to emphasize the fact that the definition of J^p°' depends on a chosen 
basis! Notice also that the space J^p°' inherits naturally the inner-product structure from 
T D J"P°' and that J"p°' in dense in J". 

Lemma 4.5. Let % — ® %- he a polarized separable complex Hilbert space. Let {uk\ be a 
countable orthonormal basis ofH^ and {wfc} be a countable orthonormal basis ofH-. Choose 
a decomposable element t/;"'™ £ j:{n,m) ^ 

where ii < i2 < ■ ■ ■ < in o,n-d Ji < J2 < • • • < jm- Then there exists only finitely many indices 
k and I such that 

a(ufe)V'<"'™^ 7^ and 7^ 0. 

Proof. Follows directly from the definitions ()4.2p and (|4.6p . and orthogonality of the basis {uk} 
and {vk}- One also needs the formula (|4.8p . □ 

Since each element of J^p°' is by definition a finite linear combination of decomposable ele- 
ments, one has the following corollary. 

Corollary 4.6. Let % = %+ (BH- be a polarized separable complex Hilbert space. Let {uk} be 
a countable orthonormal basis of 1-1+ and {vk} be a countable orthonormal basis ofH-. Then 
for any fixed ip G J^p°' there exist only finitely many indices k and I such that 

a{uk)4' 7^ and b(yi)ip 7^ 0. 

4.4. CAR-algebra 2t(-H,-H+). 

Definition 4.7. For f = f+ + f^ in H ^ n+ ® H- set 

(4.13) ^*{f)=a*{f+) + h{f^) and 

(4.14) *(/)=„(/+) + &*(/_) 

The operators ^*(/) depend C-linearly on f eH and one has 

(4.15) {*(/),**(/')} = (/,/'>«-l^ and 

(4.16) {**(/),**(/')} - = {*(/), *(/')}. 
The vacuum vector |0) is characterized by 

(4.17) **(/_)|0)=0 = vi/(/+)|0) 
for aU /_ e H- and f+en+. 
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4.5. GNS construction. 

Definition 4.8. Let ^ be a complex unital C*-algebra. A positive linear form on A is a 
C-linear functional w such that uj{a*a) > for all a E A. 

One can show that uj is bounded with ||a;|| = io{l). 

Definition 4.9. Suppose that A is a complex unital C*-algebra. A state on A is a positive 
linear form on A of norm 1 . 

Theorem 4.10 (Gelfand-Naimark-Segal (GNS)). Let to be a state on a complex unital C* - 
algebra A. Then there exists a Hilbert space H^, a C* -algebra representation : A — > B{J-L^) 
and a "vacuum vector" ^ of norm 1 in Ti^ such that 

(4.18) ^(«) = (e^,^:^(«)e)«- 

and 7r^(A) • is dense in ■ 

We specialize to the case of CAR-algebra A ~ 2l(H,H+) with unit denoted by 1. 

Definition 4.11. Let q be a self-adjoint operator on a complex separable polarized Hilbert 
space H — %+ © %- satisfying < g < 1. A quasi-free state ujq on associated to q 

is defined by 

(4.19) Wq(l) 1 and 

(4.20) wg(^*(fci) • • • riknmh) ■ ■ ■ Him)) = Sn.m det((Z„ q{k,))n). 

Proposition 4.12. The representation of the CAR-algebra 2t(H,H+) on the fermionic Fock 
space F generated by the field operators and ^ is unitarily equivalent to the GNS-repre- 
sentation associated to the gauge-invariant quasi-free state uip- coming from the projection to 
p- -.H — >H-. 

4.6. The Banach Lie groups C/ics and GLjes- Mathematically speaking one would like to 
lift certain unitary operators J7 on a polarized "one particle" Hilbert space H = T-L+ © "H- to 
unitary operators U on the "many particle" Hilbert space T{T-l,T-l+) compatible with the so 
called Bogoliubov transformations (cf. | Wu| ) . It turns out that this implementation problem is 
solvable if and only if we impose some relevant restrictions to our unitaries in B{T-L). This leads 
to the following definition. 

Definition 4.13. Define the restricted unitary group of the separable complex polarized Hilbert 
space H — %+ © Ti,- to be 

C/res = U,U^,n+) ■= {V e V{U) I [e,C/] e C}{U)) , 

where e = pr^_ — pr_ is the grading operator corresponding to the polarization H — H+ © 
and £^(H) C B{T-L) is the symmetrically normed two-sided *-ideal of the C*-algebra B{T-L) 
consisting of all Hilbert-Schmidt operators in T-L. 

The topology of t/ios is induced by the embedding 

U,.Un,H+) ^ U{H) X C'iH), U ^ {U, [e,U]), 

where U{'H) is endowed with the operator norm topology induced from B{'H), 

-sup{||C/t;|| \ven, \\v\\<l} 

and C'^{n) with the norm topology coming from the inner product 

{A,B)c2^n) ■.^Y.^Aek,Bek)n, 
fcez 
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i.e. 

(4.21) ||A||^.(„) = (A,A)^.(«)=^Pefc||^ 

fcgZ 

(here {efc}j.gg is any orthonormal basis of the Hilbert space %). Endowed with this topology 
[/res becomes a Baiiach Lie group. 

Let us recall the standard block-matrix description of a linear operator A from a polarized 
Hilbert space % = T-L+ ® %- to itself: 



A = 



where A± : H± — !• H± and A^ (respectively A |_) maps H- to T-L+ (respectively H+ to 

In the block- matrix description the Lie group U-[cs{T~L,'H+) can be given by 

{A e S('H) I A* = A_+ are Hilbert-Schmidt operators} . 

Using the fact that A is unitary, an easy computation shows that ^+ and A_ are invertible 
up to compact operators, thus Fredholm. In particular, the index indj4+ (resp. indA_) is 
well-defined. 

Similarly, the Lie algebra Uics{'H,H+) := Lic{Ui-cs{'H,H+)) can be described as 

(4.22) {A e Bin) I A* = ~A, are Hilbert-Schmidt operators} 
with the topology given by the norm 

(4.23) := P+ll + + + , 
where ||.|| denotes the operator norm and ||.||, is the Hilbert-Schmidt norm. 

Theorem 4.14 ("Theorem of Powers and St0rmer" or " Shale-Stinespring criterion"). Let H — 

11+ (BH- he a polarized Hilbert space, U : H — > % a unitary operator and Pu : 2l('H,'H+) — > 
2t('H,'H+) the corresponding "Bogoliuhov transformation" induced by 

(4.24) /3c/(a* (/)):= a* ([//). 

Consider the GNS-representation 7r_ of the CAR algebra 2l(H, %+) on the Fock space J-{'H, 'H+) 
associated to the gauge-invariant quasi-free state ujp- coming from the projection to "H- on %. 
Then there exists a unitary transformation U of the fermionic Fock space T{'H,'H^) such that 

(4.25) Uo7r_(a) oU^i = 7r_(;3,7(a)) for all a '^{H,H-), 
if and only if U £ Urcsi'H, %-). 

Remark 4.15. The unitary transformation U : J-{'H, 'H+) — > J'i'H, 'H+) in the previous theorem 
is said to implement the Bogoliubov transformation 

associated to the unitary operator U : T-L — > H. 

Lemma 4.16. The map C/rcs('H, 'H+) — > U{J-{T-L,7i+)), [/ H> U given by the theorem of 
Powers and St0rmer yields a projective representation Q : Urcsi'H,'H+) — > ¥U{T). 

The map Q : C/ros('H, — > VU{J-) in the previous lemma is known to be discontinuous 
when the infinite dimensional projective unitary group VU{T) is endowed with the topology 
coming from the norm topology. However, ¥U{J^) is a metrizable topological group in the 
topology induced by the strong operator topology f Wuj and with respect to this topology the 
homomorphism 6 is continuous. 



DIRAC OPERATOR ON THE RESTRICTED GRASSMANNIAN MANIFOLD 



15 



Proposition 4.17. Let % = (BH- be a polarized Hilbert space. Then 

(1) the exponential map exp : Urcs — > CA-cs, exp(v4) — X]n>o gi'^^s real-analytic 
coordinates on Urcs-, 

(2) the connected components of C/rcs are the sets 

C/,t := {U e C/rcs I ind([/+) = k} , 
where the index ind(C/_|_) :— dim(kerC/_|_) — dim(coker C/+) and fc € Z. 

The Banach Lie group C/ics has a complexification 

(4.26) GL,cs{n,n+) {.g G GL(H) | [e,.g] e C^} , 

where GL{'H) denotes the invertible bounded linear operators on %. The corresponding Lie 
algebra is given by 

(4.27) 0U(^,^+) {A e QiiU) \ [t,A] e C") , 

where 0[('H) is the space B{T-L) of bounded linear operators on T-L. 

Pressley and Segal prove in |PrSe| that the Banach Lie group GL^^si'^, 'H+) admits a central 
extension 

(4.28) 1 ^ C* ^ GL,cs GL,cs 1 

in the category of Banach Lie groups. This induces the central extension 

(4.29) 1 U{1) Urcs ^ f/rcs ^ 1 
of c/rcs- 

At the level of Lie algebras Lie(G'ircs) == fltrcs ® with the Lie bracket given by 

(4.30) \{A,a),iB,p)\ = ([A, i?], s(A, B) 



where the Lie algebra two-cocycle s is given by 

(4.31) s{A, B) = Tr(A_+ • B+_ - B_+ • A+_) 

also known in quantum field theory as the "Schwinger term" hi 1+1 dimensions. 

4.7. Fermionic second quantization and normal-ordered operators. Next we would like 
to work concretely at the level of Lie algebras and lift operators A S Ures('H, 'H+), A : Ti. — > H 
to an explicitly given projective action on the fermionic Fock space := T{'H, %+)■ After this 
is done one naturally hopes to exponentiate the projective Lie algebra action to a projective 
action of the Lie group Ures{'H,'H+). 

Let H = H+ © H- be a complex separable polarized Hilbert space. We fix orthonormal 
Hilbert bases {cj | j > 0} of and {cj | j < 0} of respectively. The one-particle matrix 
description of A e B{H), 

Aej = y^(efc, Aefc)efc, 
fcez 

can be seen as the annihilation of Cj then followed by the creation of all possible e^'s weighted 
by the matrix elements {ek,Aej). This motivates trying to use the field operators ^* and 4' 
acting on the fermionic Fock space T = T{H,H+) to lift A ^ B{'H) to an. operator A'i/*'i> on 
T by defining 

A*** :=^^(e,,Ae,)**(efe)*(e,) = E**(^^^)*(e^)- 

Decomposing A'i/*'i> with respect to T-L+ and H- gives 

(4.32) A*** ^ A+a*a + A+^a*b* + A^+ba + A^bb* . 
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This shows that our candidate hft A^'*^' of A is in general diverging since for instance the 
"vacuum expectation value" of Abb* is given by 

(|0),A&6*|0))-Tr(A_), 

which is meaningless unless the operator A- fulfils a trace class condition, which is undesirable 
from the perspective of physics. 

The above problem has a brutal answer: Just subtract the possibly infinite trace term in 
(|4.32p and redefine the operators by the so-called normal- ordering process. Its prescription is 
given as follows: "Each time a creator precedes an annihilator, reverse the order of the operators 
and factor by —1". More concretely we set 

(4.33) 8 Abb* 8 = - ^ (efc, Aei)b* (ez)&(efe) 

k, KO 

and give the following definition. 

Definition 4.18. Let A £ B{H) with Ti a polarized Hilbert space as above. Define the (formal) 
normal ordered operator §yl^*5'8 on as 

(4.34) 8yl^'**§ = Aa*a + Aa*b*+Aba+{2Abb*2) 

(4.35) = A+a*a + A+^a*b* + A^+ba- A^b*b 

For each L G Z>o define projection operators on the fermionic Fock space J- by 
Pl\ = (^-^"'"^ G J"^"'"^ for all n,m). 

\n,jn>Q j 7i-\-7n<L 

Definition 4.19. Define the subspace T) d F oi'' finite particle vectors''' by 

V:^\i^ Y e F e and 3L such that P^ii) = ^ 

Obviously V is dense in T and it consists of physical states described as finite finite super- 
positions of states with bounded numer of particles and anti-particles, hence the name. Notice 
also that 

(4.36) ^=0 

alg 
n,m>0 

the algebraic direct sum of Hilbert spaces 

Theorem 4.20. Let A £ Uros('H, 'H+) be arbitrary. Then the normal ordered product 8 A'^*'i' 8 
is a well-defined operator on the dense domain V C T{'H,'H+). In particular this domain 
is independent of A. Furthermore, 8^^'*^8 has a unique anti-selfadjoint extension A and 
exp(tA) is unitary for all t £ M. and implements Ut = exp{tA), i.e. exp(iA) is a representative 
ofiUt]. 

Sketch of proof. Let tp CzV. Then tp ^ P^ip for large enough L, so that we may write the k-th 
power 

(4.37) 2A^*^2'' ^ 2A^*^^PL+2k-2--- 2A^*^2Pl'P. 
One can show that there exists a bound 

(4.38) II 8 A*** 8 Pl II < (i + 2)|P|||, 
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where 

IIIAIII 4max{||A+|| , P_|M|A+_||2 , . 

Thus 

(4.39) ||8.4***8V|| < |P|l|'^(L + 2fc)---(L + 2) 

SO that by the ratio test the power series -2 ^, ° '^ z^ converges for |z| < S :— (2 | |)^^. 

This proves that all elements of I? are analytic vectors for § A'i'*'i>o . Since the § A'$*'ii § are 
anti-symmetric on D, Corollary lA. Ill (a consequence of the Nelson's analytic vector theorem) 
provides us with a unique anti-selfadjoint extension A of §yl5'*^§. The rest of the claim 
follows then from the theorem of Stone-von Neumann and by direct calculations. □ 

Example 4.21. Let 1 — id-^ ; H — > H be the identity. Then one finds that 

(4.40) §1**^-8 =^a*(e,)a(e,)-^6*(efc)6(efe). 

j>0 k<0 

Applying this to a vector V^"^") e jr(",™) = /y"-^^^ ^ A^CC^-) gives 

(4.41) (8***§)(^<"'™^) = (n - m) • V^"''"^ 

For this reason 8 1^'**I'8 is often called the charge operator on T and is denoted by Q. 
It follows that we can write = OkezJ^k, where the charge-k sector is given as 

(4.42) J-fc:={^e J-|gV = fc.^}= 

n,m>0 
n—m—k 

Example 4.22. Let pr_|_ : H — > H± be the two projection operators associated to the polar- 
ization % = 'H+®'H-. Then one computes that 

(4.43) (8(pr+-pr_)***8)(V'("^'"^) = (n + m) • 

i.e. 8 (pr+ — pr_)4'*^' 8 is the number operator N on the fermionic Fock space J- . 

Proposition 4.23. On the common dense domain V in J^, one has for elements A,B€ 
Urcs('H,'H+) with commutator C ~ [A,B] the following identity 

(4.44) [A,B] = [8A***8, 85***8] = (8C***8) + s(A,5) • 1^, 
where s{A,B) = Tr(A_+S+_ - B_+A+_). 

Hence Proposition l4.44l gives us a representation of the central extension Urcs on the fermionic 
Fock space J^. It can also be obtained by differentiating the Lie group representation of the 
central extension Ures acting on constructed in [PrSe] and called the basic representation or 
the fundamental representation. It has the following basic properties. 

Proposition 4.24. (1) All implementers U of a given U G Uics{'H-,H+) map the charge- 
fc-sector Tk to J-k+q{U}: where q{U) — ind([/+) G Z. 

(2) The connected component of the identity element of Urcs{'H,7i+) acts irreducibly on 
each J^k, k G Z. 

(3) The representation of Ujcs{'H,H+) on T is irreducible. 

We are also interested in how the closed Lie subgroup H := U{H+) x U{H^) C Urcs{'H,H+) 
acts on via the basic representation. For this we first observe that if "H is a separable 
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complex Hilbert space and fc e N, then the big unitary group U^H) acts irreducibly on /\'' % 
byA':f/(H)-^Aut(A'H), 

k 

(4.45) A(^)(^i A . . . A = (f/«i) A ... A {Uvk) 

for all U € U{H). We also know that if tTq : Ga — > U{Ha) are irreducible unitary rep- 
resentations of topological groups on Hilbert spaces Ha — 1,2) then the tensor product 
representation 

(4.46) TTi (g> TT2 : Gi X G2 — >U{Hi(g)H2) 

is irreducible as well (See for example [Ga], Theorem IV. 3. 15). We have thus arrived at: 

Lemma 4.25. IfHa (a ~ 1, 2) are separable complex Hilbert spaces and n,m > are integers, 
then the (non-projective) representation ofU{Hi)xU{H2) on the tensor product f\'^ Hi^ /\"^ H2 
given by equations ^4^4^ o.i^d, ^4^4^ irreducible. 

Next, let f) :— Lie_ff — u{H+) x u('H-) be the corresponding Lie subalgebra of Urcs('H, 'H+). 

Corollary 4.26. The restriction of the basic representation to a representation of the Lie 
subalgebra f) C Uios('H, 'H+) on — ® /\™(C"H_) is the derivative of the non- 

projective action of H on described in Lemma \4.25\ 



5. Basic differential geometry of the restricted Grassmannian manifold 
We follow in subsections 15.11 - 15.51 again closely |Wu| . 

5.1. Banach homogeneous spaces. Let G be a Banach Lie group acting smoothly from the 
left on a Banach manifold A/. Then we can associate to each X G Q := Lie(G) = T^G (with 
the commutator given by identifying T^G with the space of left-invariant vector fields on G) a 

fundamental vector field of the G-action t{X) by 

(5.1) t{X)p ^ ^ ^(e*^ • p) for aU p e M. 

The map r : g — > X(M), where X(Af) denotes the space of vector fields on Af, is an anti- 
homomorphism of Lie algebras. 

If the action of G on Af is transitive the projection map tt : G — > G/ H = M, g 1— )■ gH, where 
H := Stab(po) is a stabilizer of a chosen point po e Af, induces a projection diTe : q = T^G — > 
TeH{G/H) which we sometimes also denote by tt and which satisfies Tr{X) — T{X)pg for all 
X e 0. Moreover, given a direct sum decomposition g = f) © p, the restriction 7r|p : p — s- g/f) 
is an isomorphism. 

Definition 5.1. A Banach manifold M is called a Banach homogeneous space if it is of the 
form M = G/H, where G is a Banach-Lie group and H is a closed and connected Lie subgroup 
of G. 

5.2. The restricted Grassmannian as a homogeneous complex manifold. 

Definition 5.2. The restricted Grassmannian Gri.cs(^,^+) is the set of all closed subspaces 
of H such that 

(1) the orthogonal projection pr^ : W — > H+ is a Fredholm operator and 

(2) the orthogonal projection pr_ : W — > is a Hilbert-Schmidt operator. 
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Proposition 5.3. (1) The restricted Grassmannian Grres('H, 7^+) is a Banach. liomoge- 
neous space under GLrcs{H,'hL+) and Uies{'H,'H+)- The corresponding isotropy groups 
of the subspace 'H+ C H are 



= {( c d ) eGL,es(^,^+)|c = o| 



H=i{ I ] GUres{n,H+)\b = and c = 0}^U{H+) xU{H-), 



and 

^ c d 
respectively. 

(2) The restricted Grassmannian Grres('H,'H+) is a complex analytic manifold modelled on 

the separable Hilbert space C'^{H+,H-). 

(3) The actions of GLres('H, 7^+) and Ures{'H,'H+) on GTres{'H,'H+) are complex analytic 
and real analytic, respectively. 

(4) The connected components of the restricted Grassmannian manifold Grres are given by 
the sets of subspaces in H having virtual dimension k (fc G Z): 

Grf^3, -{We Gr,.e. | ind(pr+ : W n+) = k} . 

5.3. The isotropy representation of U{H+) x U{T-L-). 

5.3.1. Isotropy representation. We now take a closer look at the homogeneous space Grres('H, 7^+) = 
G/H, where G = C/res(^,^+) and H = U{n+) x C/(7^_). The latter group H is known to be 
connected and contractible. 

Let KdH : H — > Aut(ures) be the usual adjoint representation of the Lie subgroup H C 
J7res('^5^+) on the Lie algebra Ures(^;^+)- Set 

(5.2) [) = Lie(i?) = (f I ^ ^^B{H) 



(5.3) p = l[ I ^' ]eB{H) 



-a, (3*=-/3}cu, 



7 is Hilbert-Schmidt > C u 



7 

Then p is known to be an Ad i?-invariant complement of t) in Uresj i-C- Ures = f) © p and this 
decomposition respects the adjoint action Ad if of H. 

Explicitly the isotropy representation AdH : H — )■ Aut(p) is given by 



Ad 



(5.4) 



a 0\ / O -7*\ _ (a OWO -7*Wa 
6y'i^7 ) ~ \^ b )\Qh 

—a o 7* o 

60700"^ 



Corollary 5.4. The induced Lie algebra representation ad{) : {) — > End(p) of the isotropy 
representation Ad : H — > Aut(p) is given by 

(5.5) h i-> [/i, •] for all h£\). 

Remark 5.5. Recall that if G is a Banach-Lie group with Lie algebra q and 

(j):G — > Aut(t/) 

is a continuous representation of G on a Banach space V, then the induced Lie algebra repre- 
sentation is given by 

(5.6) fl X — ^ {X, v) ^ d<l){X) ■ V, 
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where C V is the subspace of smooth vectors, i.e. the vector space V°° consists of those 
vectors v €z V such that the orbit mapping G — > V, g k-)- • v is smooth. 

If one chooses for the representation (j) : G — > Aut{V) the adjoint representation Ad : G — > 
Aut(g) then it is known that that Ad is a representation of G on g with a smooth action map 
|Neeb2| p. 167. It follows from this that the subspace of smooth vectors q°° — g. 

/ -7* \ 

5.4. Ad iJ-invariant metric on p. Recall that by mapping 7 — > with 7 G 



7 

£^{H+,H-), the vector space p was canonically identified with the Hilbert space CP' {T~L^,1~L—^ 
of complex linear Hilbert-Schmidt operators from "H^ to . The isotropy representation of 
_ff on p is given under this isomorphism by 



(5.7) kdl^l 5! ) -l-bo^oa-' 



for 'A\\-f ^ 



from which we see that 

(5.8) 5P(7,a) :=23?Tr«j7V) for all 7, a e £2 (^^^ 

determines an Ad(i?)-invariant metric on p. Here 7* denotes the adjoint of 7 as a complex 
linear operator from to It follows then that the product 7*cr, as a product of two 

Hilbert-Schmidt operators, is in C^{'H+) so that the trace Tr(7*cr) is indeed well-defined. 

5.5. Kahler structure on Grjos- Recall that at the level of Lie algebras we had Lie(GLrcs) = 
fllres ® with the Lie bracket given by 

(5.9) \{A,a),{B,(3)\=([A,B],s{A,B 



where the Lie algebra two-cocycle s was given by the Schwinger term. 
Next define the following "new Schwinger term" s by 

(5.10) s{A, B) = -s{A, B) = Tr(A+_S_+ - B+-A-+), 
for e u„s(H,H+). 

Definition 5.6. Let be the real-valued antisymmetric bilinear form on Uros defined by 

(5.11) h^^{A,B):^{-\)s{A,B). 

Lemma 5.7. The bilinear form ^-h^ on Uios('H, 'H+) vanishes on the isotropy suhalgehra 
u('H+) X u('H-) and is invariant under the linear isotropy representation ofU{'H+) x U{'H-). 

Corollary 5.8. The bilinear form on u^cs{'H,'H+) descends to a form fl-H^ on 

u,.es(H,H+)/(u(H+) X u(H_)) = C^{n+,H-) = Tn^ Gr^s 

that is invariant under the action of 17(1-1+) x U{'H-): 

(5.12) f2«_^(7,5) = 23Tr(7*(5) for all j,S e C^{H+,H-). 

Definition 5.9. Let J-u^ be the U{T-L+) x J7('H_)-invariant complex structure on T-^^ Grros = 
£^{n+,'H-) defined by 

(5.13) J„^7 = i7 for all J e C'^{H+,H-). 
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We supply £,^(H+,H~) with a strongly non-degenerate bilinear form 

(5.14) gn^ (7, S) := (7, S) = Tr(7*5) 
and with a strongly non-degenerate sesquilinear form 

(5.15) hn^ (7, 6) 5«+ (7, -5) + i (7, <5) = 2 Tr(7*<5) 

inducing a Riemannian and a Hermitean metric on Gri.os('H, respectively. 

Proposition 5.10. The real- valued antisymmetric bilinear form ^1-^.+ is a strongly non-degene- 
rate symplectic form on Grj-cs and moreover the quadruple (17, J, /i, g) gives Grrcg the structure 
of a Kahler manifold which is homogeneous under its Kahler isometries. 

5.6. The determinant line bundle on Grrcs- Let H = H- be a complex separable 
polarized Hilbert space and Gr^cs the associated restricted Grassmannian manifold. It is proved 
in [PrSeJ that there exists a so-called determinant line bundle DET — > Gti^s, which is a certain 
holomorphic complex line bundle with a holomorphic fibrewise linear action of U^cs covering 
the transitive action of U^cs on the base manifold Grics- 

Proposition 5.11. The line bundle DET — >■ Grrcs has a natural t/j-cs-invariant hermitean 
structure and its first Chern class is represented by (-57) times the Kahler form on Gr^es: 

[ci(DET)] - e i?'(Grrcs,Z). 

5.7. Holomorphic sections of DET*. First recall that (continuous, smooth, holomorphic,. . . ) 
sections of the dual E* of a finite dimensional complex vector bundle E M can be identified 
with functions on the total space E that restrict to linear functionals on each fibre E^ = Tr^^{x). 

We are going to consider the infinite dimensional setting in which AI is a Frechet manifold 
and the typical fibre of _E is a Banach space. The fibres of E* are then always given by the 
strong duals of the fibres of E. We denote by TaiM, E*) the vector space of holomorphic 
sections of the dual vector bundle E* and by 0{E) the vector space of holomorphic functions 
E — > C and set 

Oiin{E) {/ e 0{E) I /|^ : E^ — ^ C is C-hnear for all x e M}. 

The spaces Ta{M, E*) and Oiin{E) have natural structures of locally convex topological vector 
spaces given by the uniform convergence of all derivatives on compact subsets of M and i?, 
respectively. 
Define a map 

(5.16) ToiM,E*) ^Oun{E),a^ U 

by fa{£) ~ cr(7r(£))(£) for all £ E E. Then we have the following analogue with the finite 
dimensional case. 

Lemma 5.12. Let E M be a holomorphic Banach space bundle over a Frechet manifold 
M . Then the map u ^ fa defined above is a continuous linear isomorphism. 

Proposition 5.13. Let AI be the restricted Grassmannian Grrcs and E — DET — Grrcs- 
Then there exists a continuous linear Gircs-equivariant injection J-* rc)(Grios, DET*), 
where JF is the fermionic Fock space. 

Remark 5.14. Pressley and Segal show in |PrSe| that the space is actually dense inside 
the space re)(Grios, DET*) and gives an irreducible representation of [/res; the so called basic 
representation. Moreover, Pickrell [Pill IPi2 j constructed a natural Gaussian measure on Grrcs 
and showed that an element s € ro(Grres, DET*) is in the image r{J-*) if and only if s is 
square-integrable with respect to this measure. 
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5.8. The PfafRan line bundle. Let "Hr be a real Hilbert space with inner product B{-,-). 
We denote by J{Hk) the set of complex structures of 'Hm, i.e. 

J{'Hv) := { J e C{nR,'HR) I B{Ju, Jv) = B{u, v) for ah w, u e T^r, = -l} . 

Any complex structure J € J'('Hr) turns the complexification T-Lc = "Hr (8ir C of "Hr into a 
complex polarized Hilbert space, which we denote by "Hj. The polarization Hj = W (BW is 
given by the ± i eigenspaces W and of J"' : He — > H-c respectively. 

Definition 5.15. Fix a complex structure J G J{Hw)- The associated restricted isotropic 
Grassmannian is the set 

Jres(^M, J) := {J' e JiUm) \J-J'€ jC''{Hm)} ■ 

The group ©("Hr) of rea^ orthogonal operators on "Hr consists of all invertible M-linear maps 
Hr — > Hr that preserve the bilinear form B. It has the following subgroup. 

Definition 5.16. Let J e J7'('Hm) be a (fixed) complex structure and set 

OresiHM, J) := {O e OCHm) I [O, J] e £'(?/r)} , 

which is topologized by the norm topology combined with the Hilbert-Schmidt norm (as we did 
with the group GLres), so that it becomes a Banach Lie group. 

There is a transitive action of Orcs{HM, J) on i7rcs(7^R, J) given by J' i— > 0J'0~^. Its 
stabilizer at the base point J € JiesiH-R, J) is U^esi^j), realizing JiesiHRjJ) as a Banach 
manifold with 

Jres{HR,J) ^ 0,es(HR, J)/C/res(^J,Eig(J^, + i)). 

There is a second description of the isotropic Grassmannian that can be obtained by com- 
plexifying "Hr to a complex Hilbert space He with hermitean inner product (•, •), which we now 
describe. Extend the inner product B on Hr to a complex bilinear form Be on the complexi- 
fication He; then Bc{vi,V2) = 2{vi,v2) for all vi,V2 € He- Here the bar denotes the canonical 
conjucation on He = Hr ^r C given by 

vWX = w (g) A for all u e 'Hr, A e C. 

Any complex structure on Hr induces a decomposition He = W (B W, where W C He is a 
maximal isotropic subspace of He with respect to Be- Here isotropic means that Be{wi,W2) = 
for all wi,W2 & W- It follows from this that 

JresiHR, J) = {We Gr,es(^c, Eig( J^, + i))\W isotropic and e W = He} 

and that we have an Ores{HR, J)-equivariant embedding 

(5.17) i : J,,siHR,J) Grres(^c,Eig(J^, + i)). 

There is a holomorphic hermitean line bundle Pf — > Jies{HR, J) called the Pfaffian which 
is a holomorphic square root of the determinant line bundle when restricted to JiesiHR) C 
GiresiHe), i.e. 

(5.18) i*DET^Pf®^ 
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5.9. Infinite dimensional spinor representation. The group 0{Hc) of complex orthogonal 
operators on "He with respect to Be consists of all bounded invertible C-linear maps "He — > 'He 
preserving the bilinear form Be, i.e. 

(5.19) 0{Hc) ■■= {O e GL{Hc) \ Bc{Ou, Ov) = Bc{u, v) for all u,v e He} ■ 

Definition 5.17. Let J e i7('Hr) be a (fixed) complex structure and set 

Orc.(Hc, J) := {o e o{nc) I [O, J] G Cine)} ■ 

In other words Ores ("He, J) — 0{'Hc) H GLros('Hc). We give Ores ("He, J) the topology in- 
duced from GLj-csiHc)- This makes OrcsiTic J) into a complex Banach Lie group. Moreover 

Ores (He, J) n 0(Hm) = Ores(HK, J), whcrC 

Ores(HR, J) {O e 0(Hr) I [O, J] e ^'(Hk)} . 

Theorem 5.18 f[B | IPrSe] ). Let J e J{T-Lm.), T~Lj — W®W he the corresponding polarization 
of the complexified Hilhert space, and let S he the GNS representation space 

n 

n>Q 

of the CAR algebra ^(W). Then in the category of complex Banach Lie groups, there exists a 
central extension 

1 ^ C* ^ 6rcs(Hc, J) Ores(Hc, J) ^ 1 

such that Ores ('He, t/) OLcts linearly on the Hilhert space S implementing the Bogoliubov trans- 
formations ao{a,{f)) € Aut(2l(VK)), 

ao(«(/)) :=a(0-/) {f e W) 

for a// Oe Ores (He, J). 

Remark 5.19. You should compare the above exact sequence to the finite dimensional analogue 
1 — > U{1) — > Spin=(n) — > 50(n,K) — y 1. 

Definition 5.20. The above linear action of Ores('He, J) on S is called the Spin'^-representation 

of Ores (He, J). 

The Hilbert space S gives an (irreducible) projective unitary representation of Ores (He, J)- 

5.9.1. Realizing the infinite- dimensioanal spin representation via the Pfaffian line bundle. In 
the same vein that we realized in section ij5.7l the fermionic Fock space representation of C/res 
inside the holomorphic sections rc)(Grrcs, DET*) of the (dual) determinant line bundle, it is 
possible to realize the infinite-dimensional spin representation of Ores (He, ^) via the Pfaffian 
line bundle: 

Theorem 5.21. (1) The group Ores(He,t/) acts equivariantly on the Pfaffian line bundle 

(2) The dual Hilbert space §* is canonically realized inside the holomorphic section module 
ofVi*, i.e. §* C re)(j7res(Ha), Pf*), where the latter space is equipped with the natural 
structure of a locally convex topological vector space the same way as in the case of the 
(dual) determinant line bundle. Moreover, this inclusion is O^csiHc, J)-equivariant. 

Thus, the above theorem shows that we have a Borel-Weil type description of the infinite 
dimensional spinor module. 
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5.10. Spinor representation of the Lie algebra Ores- We follow here closely jMic| . 

Let J e J{T-Lk) be a chosen complex structure on a real Hilbert space, T-Lj — W®W\ie the 
corresponding polarization of the complexified Hilbert space, and let § = F+{'H,j^ W) — J-iW) 
be the GNS representation space of the CAR-algebra 2l(H/). 

Let {ei, 62, . . .} be a fixed orthonormal basis of W and set 

(5.20) a* := a*(ei), := a{ei). 

The element 1 G ^{W) is the vacuum vector |0)s characterized by ai|0)s = for all i. Moreover, 
the only nonzero anticommutation relations are 

(5.21) a^a* + a*a,; = 5ij. 
5.10.1. The Lie algebra Ores- The Lie algebra 

Orcs(Hc, J) :=Lie(Orcs(Hc, J)) 

consists of all C-linear operators that with respect to the polarization T-Lj = W (B W can be 
written in the block-matrix form 

("^) 2 

such that b,c € C'^ and the transposes of the blocks satisfy 

(5.23) c* = -c, fe* = -b, d = -a*. 

Again, using methods of second quantization we obtain a representation T of the central 
extension ?rcs('Hc, J) of Ores ("He, J) on the Fock space J-{W) by defining 

(5.24) T{x) = ^ dija*aj + ^bijUiaj + ^Cija*a* for all x e Orcs('Hc, J). 

The Lie algebra 2-cocycle of Orcs(^Ci J) defining ?rcs(^C5 J) can be read from the commu- 
tators 

(5.25) [T{x), T(x')] = T([x, x']) + i Tr(c6' - c'6). 

Hence, except for the factor 1/2 we obtain the same cocycle as the Lie algebra cocycle of gl^.^^ 
determining the central extension gtres- 

Moreover, the representation T can be exponentiated to give a projective representation of 
the connected component of the identity S'Orcs('Hc, J) C Ores ("He, J)- 

5.11. Infinite dimensional real Clifford algebra. The infinite dimensional spinor mod- 
ule S is related to the representation theory of the infinite dimensional real Clifford algebra 
Clifl[(HR, B), which is the universal real unital Banach algebra generated by all M-linear maps 
/ ^ l{f), f e "Wr, subject to 

(5.26) 7(/)7(.9) + 7(.9)7(/) = 2i?(/, g) ■ 1 

Any complex structure J of "Hr induces a polarization Hj = W (B W on the complexification 
He = T-Ls. ® C and determines a representation of Cliff (T^r) on the GNS representation space 
S — Hj^^'* by first mapping 7(/) i-> a(/) + a(/)* G 2l(W^), and then using the natural action 

of the CAR algebra 21(1^) on U^j^^K 
Let 

X: 6rcs(HB, J) ^ Aut(§) 
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denote for the spin representation and let 

7 : -He — > End(§) 

be the ChfFord muhiphcation introduced above. Then these two maps are compatible in the 
following sense: for every O G Orcs(^R, J) there exists O G Orcs(^R, J) such that 

(5.27) 1(0 ■ f) ^ xiOhif)xiOr' 

for ah / e "Hr. 

5.12. Infinite dimensional complexified Clifford algebra. Let {Hm,B) be a real Hilbert 
space and "He = 'Hr ®r C its complexification, endowed with the C-linear extension Be of the 
real inner product B and the canonical hermitean structure (■,■). The complex Clifford algebra 
Cliff('Hc, Be) is then by definition 

ClifltCHc, Be) := Cliff (-Hr, B) ®k C. 

It turns out to be a unital C*-algebra isomorphic to a CAR-algebra 2l(V(^), where W is any 
i3c-isotropic subspace of He such that W — . 

5.13. Spin representation of ClifF(p). Let Grrcs(^,^+) be the restricted Grassmannian 
manifold associated to a given polarization H = ® of a separable complex Hilbert space 

We write Grres as a Banach homogeneous space Grrcs = G/H, where G = Urcsi'H,H+) and 
H = U{'H+) X UCH-). We also set g := Lie(G) and [} := Lie{H) so that g/f) = p, where p is 
the Ad-invariant complement of 



given by 



= -a, 13* = 
7 is Hilbert-Schmidt 



-7* 
7 

We start by considering the real Hilbert space (i.e. our coefficients are in R) 

Hm^p C''{n+,'H-) = Tn+ Gr,es = fl/t) = P 

equipped with the real inner product 

B{j,a) :=.g«^(7,a)=23?Tr(7V). 

The real Hilbert space Hm^p has a complex structure J — J-Uj^ defined by equation ()5.13|) . 
This induces a polarization 7^c,p = on the complexified Hilbert space 'He,p '■= 'Hr,p(8)rC 

equipped with the complexified bilinear (non-Hermitean) form 

(5.28) Bc(7,^) = (7,^)p,c, 
where 

(5.29) (7, a)px = (7, (^) = 2 Tr(7 V) 

for all 7,CT £ T~Lc,p (Hermitean form corresponding to the real inner product (., ■)p). Here the 
bar notation refers to conjugation. 

Hence by the general theory of the last section we obtain a representation of the infinite 
dimensional real Clifford algebra Cliff (p) on the corresponding spinor module §p := 'H^'"^\ 
Notice that Sp is also the representation space for the infinite dimensional (projective) Spin^- 
representation of Oros(^c,p: Jt-l^)- 

5.14. Lifting the infinite-dimensional isotropy representation. 
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5.14.1. Lifting AdH. Recall that in the finite dimensional case M = G/H, with G a compact 
Lie group and M a spin manifold, the Hilbert space of i^-spinors could be interpreted as 
L^-maps s : G — > Sp satisfying the iJ-equivariance condition s{gh) ~ {Adh^^)s{g) for all 
g G G and h E H, where Ad : H — > Spin(p) is the spin lift of the isotropy representation 
Ad:H^ SO(p). 

Another way to see spinors on G/H was to use the Peter- Weyl theorem to decompose 

(5.30) L\G/H, S)=L\GxhS,)= <E> {V^ <E>S,)", 

where S — > G/H is the spinor bundle with fibre §p, H acts on §p via the spin lift Ad : H — > 
Spin(p) and where we sum over all irreducible representations V\ of G. 
In order to generalize this to the infinite dimensional case of 

Grres(H,H+) = u,,sin,n+)/iuin+) x u{n^)) 

we first need to define a relevant lift 

(5.31) Ad:H^ Ore.(^Cp, J 
for the isotropy representation Ad in (|5.7|1 . 



Lemma 5.22. Let M = Grres(H,H+) = G/H, where G = Urcs{'H,H+) and H = U{H+) x 
U(/H-). Denote by p = g/f) the Ad{H) -invariant complement of \) in g given by equation 
115.3]} . Then the isotropy representation Ad of H in p given by equation jj. 7)j takes values in 

Proof. First recall that the inner product of the real Hilbert space 

•Hr,p -.^C^ {%+,%-) =P 

was given by B(^,a) = 5-^^(7,(7) = 25RTr(7*cr). Moreover "Hr^p had a natural complex struc- 
ture J-H+j defined so that Ju+1 — W for all 7 € that definines a polarization 
^R,p ®vl — W ®W OYi the complexified Hilbert space. 

We will now show that for each h E H = U{H+) x U{T-L ) the linear mapping Adh on 
p'^C^{n+,n-) given by 



Ad 



( I )-l = boioa-\ 



where h = (^^^ Jjei/ = U{'H+) x U{n-) C U,WH,H+), 7 G C^{H+,H-) and where we 
have used the standard block- matrix description of the linear operator h € J7ros(^,^+), is in 

Orcs('Hc,p). 

Step L Adh £ GL{T-Lk^p): The inner product (•,-)p :— B{- , •) induces a norm |l-||jjp on 

(5.32) ||7lU,p := ^{l,j)p = VBh,j) = V^T^h^ 

for all 7 G Hence by definition an operator T : "Hr^p — > 'Hm,p is bounded if 

(5.33) sup[\\Tj\\^^^\-feC^{H+,H-),\hh,,<l}<^ 
that is if and only if 

(5.34) sup{i3(T7,r7) | 7 e C\H+,H-), B{j,j) < l} . 
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On the other hand we know that B{'^,a) — g^{j,a) defines an Ad(i?)-invariant metric on p, 



I.e. 



(5.35) Ad/i)(7), ( Ad/i)(a)) = 5(7, a) 

for all 7, (T G C^{H+,H-) = p and for all linear mappings Adh of p where h ^ H. Thus 
choosing T = Adh in (|5.34p . we see from equation (|5.35p that Adh is trivially in B{Hk^p) for 
every h £ H . Obviously Ad h has a bounded inverse given by : 7 n- b^^ 070a, where 

" e i/, showing that Adh £ GLCHr.p) for all h e H. 



b 

Step 2. Adh £ 0{Hm,p)' Knowing that Adh e GL{Hm^p) we may once again use equation 
(|5.35p to conclude that each Adh is in the real orthogonal group 0{Hr,p) 0{Hts„p, B{- , •)). 

Step 3. Adh e Orcs('HM^p, J-H+) C 0(Hm,p) C GL(Hr,p): We need to show that for all h e H 
the commutator 

[Adh, Jn^] = Adh o J^^ - J^^ o Adh e C^{Hr,p). 
Now since for every h Cz H the image Ad ft, is a C-linear map 

Adh : Hk.p = £^in+,n-) [%+,%-) = Hr,p 

and on the other hand J-h+I = it is clear that the commutator is in £^('Hr_p) (in fact, it is 
equal to zero). Hence Ad h e Orcs('HR,p, Ju+) for every h £ H and since Orcs('Hc, J)r]0{'HR) = 
Orcsi^Hu, J), it follows that the map Adh £ O^csiHcp, J'h+) to'^ h E H. □ 

Next, notice the following. If {efe}j,gpj is an orthonormal basis for a complex Hilbert space T-L 
with inner product (•, •) and let Uk and Vk denote Ck and i Cfc, respectively, then {uk, "yfelfegN form 
an orthonormal system with respect to r(- , •) = 5R(-, •). We call the real span of {uk, Wfej^gN 
the real Hilbert space, "Hr, of "H, with inner product r(- , •). Notice that Hr and Ji represent 
the same set. 

The following result appears in [PrSej . §12.4. 

Lemma 5.23. Let H be a complex Hilbert space regarded as a real Hilbert space Hr. Then the 
complexification ('Hr)c = "Hm (Xir C is canonically isomorphic to Ji (B Ji. Here H denotes the 
abstract complex conjugate to H. It is a copy of % with the scalars acting in a conjugate way: 
A • ^ (A • for all X e C and ^eU. 

Proof. The isomorphism is given by the map 

A (g) 5 1-^ A^ ® Af 

for all A e C and ^ £ Hr. □ 

Proposition 5.24. The isotropy representation Ad : H = U{H+)xU{H-) — > O^esCHcp, J-H+) 
admits a spin lift Ad : H — > Oresi'H-C,?, J'H+), i.e. there is a commuting diagram of Lie group 
homomorphisms 

^rcs 



Ad 



p 



where p is the projection map in the exact sequence 

1 U{1) Ores ^ 0,es 1. 
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Proof. The proof is a modification of the idea of hfting an embedding of the Lie group H = 
U{7i+) X U{H-) in Ores to Ores presented in §6.4., [Micj . The essential idea there was that the 
f/(l) central extension Ores — > Ores becomes trivial when restricted to the subgroup H so that 
there exists a local section s : H — > Ores which we can then use to construct the lift. 

Recall that the real Hilbert space Hr^p = p = g/f) consisted of all (K-linear combinations 
of all) C-linear operators — > %- that are Hilbert-Schmidt and where the inner product 
was given by B{^,a) = gn+il,'^) = 25RTr(7*(T) for all 7,cr S Hr. Using Lemma [5.231 we 
may identify the complexification "Hc.p — 'Hr,p C with the direct sum of complex Hilbert 
spaces ('Hr,p, (•, •)p,c) and its conjugate (Hr,p, (•, •)p,c)- Here the Hermitean inner product is 
given by (7,ct)p_c — ^«+(7jO') — 2Tr('j*a). On the other hand, recalling that for an operator 
T e £\n+,n-) its adjoint T* satisfies 

(aT)* = aT* for all a e C, 



one sees that the conjugate space C^CH+jV. ) satisfies 

so that under these isomorphism the conjugation in 

is given explicitly by taking the adjoint. 

The corresponding complex bilinear (non-Hermitean) form in Hc.p is then given by 

Bcili<7) = {l,o')p,c for aU 7,0- e ■Hc.p. 
The Hilbert space Hr^p had a natural complex structure J-^^ : He — > 'He defined by 
J-H+l = i This complex structure gives us a decomposition Hc.p = 14^014^, where W = Hr^p 
and W = i-HH,p. Using this decomposition we can write operators A e Ores (He, p, J'H+) in the 
block matrix form 

where a e Fred(M^), d G Fred(M^), 6 g C'^{W, W) and c € C'^{W, W). Since in the block matrix 
description _ff is a diagonal subgroup of [/res it follows that the image Ad(i?) consists of all 
block matrices of the form 

where /i=(^q |J^eiJ = U{H+) x C/(H_). 

Now let ,^{W) be the Hilbert space of all skew Hilbert-Schmidt operators S : W — > W, 
i.e. those operators S : W — > W satisfying 

The fibre p^^{g) C Ores (He. p) over a point g = ^ ^ ^ ) ^ Ores (He. p) consists of all holo- 

morphic functions / : ,5^{W) — > C that are proportional to 

S^Vi{{a + bSQ)-^{a + hS)), 

where Sq G ,^{W) is any element such that a+hSo is invertible [Micj . The product in Ores(^e.p) 
is given by 

(5.37) (5,/)(5',/'):=(5",/"), 
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where g" — gg' and /" is the function defined by 

(5.38) f"{S):= f{g' ■S)f'{S), g' ■ S := {c' + d' S){a' + b' S)-\ 

Choose g = ^"^^ ^ ) G 0.e.(Hc,p), g' ^ (^^^^^ ) e OWHc^v) and 

/ = /' = !, the constant function with value 1 S C, in equation (|5.37p . Now since g' -S £ S^{W) 
is just a shift of the argument 5 S S^{W) and on the other hand / was chosen to be a constant 
function with value 1 it follows from (|5.38p that the product (<?, /)(.g', /) defined by equation 
(|5.37p is again of the same form as its factors, i.e. {g,l){g' ,1) = {gg',1). Hence the map 
Oros('Hc,p) — > Orcsi'Hcp) defined hy g t-^ (ffi 1) is a- group homomorphism, which is clearly 
smooth and therefore a Lie group homomorphism. 

Since the projection map of the principal [/(l)-bundle 

p : Ores ("He, p) > Ores ("He, p) 

sends the pair {g, f) to g G Orcs('Hc,p) it follows from the above that the composition of Ad (a 
Lie group homomorphism) with the Lie group homomorphism g i-^ (.97 1) defines the required 
lift Ad of Ad. □ 

5.15. The induced lift of ad. Set Orcs(p*',W^) '■— Orcs('Hc,p, J«+). Then according to the 
proof of the Proposition 15.241 the lift Ad : H — > O^gsip^ ,W) of the isotropy representation 
Ad : H — > Orcs(p'^, W) is given by the composition 

(5.39) Ad = s o Ad, 

where s is the Lie group homomorphism mapping g — > {g, 1). It follows from Lemma 15.41 that 
the induced Lie algebra map ad : f) — > o^rcs(p'^, VF), 

ad = d(Ad) ^ ds o d(Ad), 

is given by 

(5.40) X^{[X, ■],{)) foraUXet). 

Considering this result, then by abuse of notation, we shall often write ad instead of ad when 
we talk about the spin lift. 

6. The algebraic tensor product [/(glrcs) ® Clifi'(p^) of algebras 

6.1. Natural set of generators for p*'. Let {e^ | fc e Z \ {0}} be a Hilbert basis of % such 
that respectively T-L- is generated by {cfc | fc > 0} respectively {e^ | fc < 0} (notice that we 
neglect the index fc = 0; this is done in order to be able to write our Dirac operator in a 
convenient form). Define the complex linear rank one operators Ep^q on T-L for j?, q G Z as in 
|SpeWu| by setting 

(6.1) Ep^q{v) := {eq,v)'H ■ Cp. 

As a matrix each Ep^q corresponds to the basic matrix, whose matrix element at position {p, q) 
is equal to one and all the other matrix coefficients are set to zero. It follows that the adjoints 
satisfy (Ep^q)* = Eqjp and 

(6.2) B{E,k,uE^r^s) = B{iE.k,i,iE_r,s)^2-Sk,r-Si,s, 

(6.3) B{E_k,i,iE_r,s) = 0. 
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Recall that the complexification of Ur 
plexified Hilbert space of 



was given by the Lie algebra gl^^^ so that the corn- 



can be given explicitly by 





7 



7 







e u(H) 



7 is Hilbert-Schmidt 



e Bin) 



7, a are Hilbert-Schmidt 



idtj 



so that if we set X„ „ := „, the union of the sets 



P'? \/2 



(6.4) 

and 

(6.5) 



^2 



:= p > 0,g > O} 

{Xp,_,|p>0,g>0} 



form an orthonormal C -Hilbert bases of p"' satisfying X* ^ = Xq ^ with respect to the Hermitean 
form (|5.29p . Note that introducing such a basis for p"' is made possible by the fact that finite 
rank operators are dense in the Hilbert-Schmidt operators with respect to the norm induced by 
the Hilbert-Schmidt inner product (•, ■)hs- 

The above two sets generate the Hilbert subspaces 



with 



W 



= W 



p, 14/ =p l4/®M/=p^, 

i.e. we obtain the polarization of p"' introduced in the previous section. 
Similarly the complexification of the Banach space 



can be given by 



e u(H) 



,/3 = -/3' 



e B{n) 



But the situation is now different from the case of p"': Here a and /3 can be any bounded 
operators. Since the closure of the set of finite rank operators J^TZ{1)^) in the space of bounded 
linear operators (with respect to the norm topology) B{t)'^) is exactly the space of compact 
operators C(f)'') ^ B{t)'^), the space generated by the vectors Xp^q e f)"' {pq > 0) can not be 
any bigger than the space of compact operators, even if one considers converging infinite linear 
combinations of those Xp ^l This observation suggests that if we want to use arguments relying 
only on a generating set, we should replace i)"" with a smaller Lie algebra. 

Definition 6.1. Let [)^ C f)^ be the Lie subalgebra consisting of all finite C-linear combinations 
of the vectors the vectors Xp^q £ [}"' {pq > 0), i.e. 

[}^ := span {Xp,q \ p, q e Z, pq > 0} . 
6.2. The algebraic tensor product U{qI^^J (g) Cliff(p'''). 
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6.2.1. Explicit description of the operators f{Eij) for the basic representation ofgl^^^. Let H — 
® be a complex separated polarized Hilbert space, {wfej^^gf^ an orthonormal basis for 
and {wfc}j,g_pj an orthonormal basis for Ji-, where we always assmne that ^ N. 
We consider the CAR-algebra 2t('H, 7^+) and introduce the operators acting on the fermionic 

Fock space = J-{H,H+), 

(6.6) Ak := a{uk) = *K), Al := a* K) = K) 
and 

(6.7) Bk := b{vk) = ^*{vk), Bl := b*{vk) = "^(vk). 
These satisfy the anticommutation relations 

(6.8) {Al,Ak'} = akk' ^{BIB„,}, 

(6.9) {Ak^Ak'} = {Bk^Bk'} ^{Ak,Bk'} etc. =0. 
Moreover 

(6.10) ^fc|0)^-*(7/fc)|0)^ = 0, Bk\0)^ = ^*{vkm^^O. 
and it is known that the vectors 

(6.11) Al---AlBl---Bl\0)^ 

give an orthonormal Hilbert basis of J-. 
To simplify notation one may define 

, . , f *(wfe), fc>0 ( 'f^iuk), k>0 

^^■^^> - \ *(«,), k<o "f^'-X^^M, k<o. 

These satisfy 

(6.13) 4>,rj +rJ^^ = s^J, ^p,^p,+^Pj^^ = o, +rj^: = 0, 

ipk\0) =0 for positive k, -0^|O) = for negative k 

and the vectors 

V4-->LV'ii---V'ijO)^ (fc, >OV* = l,...,a, <0Vj-l,...,/3) 

give an orthonormal basis of J-. 

Recall that for A e glj.^^{H, T-L+) we defined the normally ordered operator § A'^'^* § acting 
on the fermionic Fock space J^{H,H+) so that 



° A^-** 8 = A+a*a + A+^a*b* + A^+ba - A^b*b. 



o 



Hence for the basic matrices Ep^g e qI^^^ {p,q E Z \ {0}) 

r rpijq=A;Aq, ifp>0,q>0 

^ ' n^P.',)-<^ rp% = A;Bl ifp>0,g<0 

[ -i,,rp^~B*Bp ifp<0,(z<0. 

Taking into account (|6.13p this becomes 



.15) f{Ep,, 



■i/'pV'g ~ 1 when p = q < Q 
^pipq otherwise. 

From this explicit form of the basic representation one deduces the following. 



Proposition 6.2. For the basic representation f : gl^.^g — > End(J^) the images r{Ep^q) of the 
basic matrices Ep^q £ q{^^^ (p, q 0) annihilate the vacuum \0)jr g T except for the case when 
p > and g < 0. 



32 



VESA TAHTINEN 



6.2.2. Complexified infinite dimensional Clifford algebra. We shall consider the complex spi- 
nor module Sp T{p^,Bc,W) as a module for the infinite-dimensional complexified Clifford 
algebra 

Cliff (p'^) = cm{W(sW) 

defined by the complexified symmetric bilinear form _Bc(7,o') ~ (7,ct)p_c on P^- Here the 
conjugation in the Clifford algebra is given on the orthonormal basis elements of the Hilbert 
space by 

(6.16) ^p,q •= -^p,q — '^q,P^ 

and as mentioned 

(6.17) {Xij,Xnm) — Tr{E*jEnm) = Tr{EjiEnm) — Tr((5i„i?j,„) — SinSjm- 

The complexified Clifford algebra Cliff (p"') is generated by elements of W and W subject to 
the anticommutation relation 

(6.18) 7('^i)7("'2) + l{w2)-l{wi) = Bc{wi,W2) 

for wi ^ W and W2 G W . In concrete terms the Clifford algebra Cliff (p"') is described by the 
anti-commutators 

(6.19) {7(Xy ), 7(X„j„)} = B<c{Xij,Xmn) = {Xij,Xmn) = {Xij,Xnm) = SinSjm, 

where ij < and mn < 0. 

Since Sp = J-{p''^^,W) is a fermionic Fock space associated to a polarized Hilbert space 
p^ — W (BW we would like to represent Cliff (p'', Be) on it via the representation of the CAR- 
algebra2l(p^,Bc,Vl^). 

Lemma 6.3. For ij < the map 

^{Xp,) lfp<0,q>0 Xpq&W 
^*{Xpq) tfp>0,q<0 ^ Xpg&W 

gives a representation o/Cliff(p'') on J^{p^,W). 



(6.20) -/{Xp,) ^ 



Proof. For Xij G W and Xmn G W the anticommutator 

{7(Xy),7(X™„)} ^ {*(Xy),**(X,„„)} = Bc{X,j,Xmn) = {X,j,X„m) = S,n5jm- 

For the other possible choices oi Xij and X^n (e.g. Xij,Xmn e W) the anticommutator 

{7(X,j),7(^m«)}^0 

because of the CAR-algebra relations. □ 

Corollary 6.4. The vacuum vector |0)s G Sp = J-{p'^,W) associated to the CAR algebra 
representation o/ 2t(p*', VF) is annihilated by j{Xpq) G Cliff(p''') when Xpq £ W, i.e. when 
p <0,q> 0. 

Next we want to have a look at the tensor product (g) Sp considered as a module for the 

algebraic tensor product U{qI^^^) Cliff (p"') where g[j.os acts on via the basic representation 
f and the complexified Clifford algebra Cliff (p'') acts on the complexifed spinor module Sp via 
the CAR algebra representation of 2l(p''', W) so that in particular 

f{Epg) (g) j{Ers) (V"8) s) = f{Epg)il; ® j{Ers)s {ipcT.se S^. 
Combining Proposition 16 . 21 with Corollary [63] yields the following. 
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Proposition 6.5. Let |0) :~ \0)j^<E) \Q)s G J^<8)§p be the vacuum vector for the tensor product. 
Then |0) is annihilated by Epq (g) 1 unless p > and q < and it is annihilated by 1 (g) j{Epq) 
when p < and q > 0. 

7. Realizing the isotropy representation via CAR algebra 
7.1. The finite-dimensional analogue. Here we follow f HuaPan] section §2.1.8. 

7.1.1. Chevalley map. Let V be an n-dimensional real vector space with an inner product (•, •). 
Let T{V) be the tensor algebra over V and consider the ideal / in T{V) generated by all 
V V + {v,v) for V gV. Then the quotient algebra 

Cliff (F) =T{V)/I 

is the Clifford algebra of V. We can choose an orthonormal basis Zi of V with respect to (•, •) 
as a set of generators for Cliff (1^). The relations then become 

ZiZj = —ZjZi, i 7^ j; Zf = —1. 

It is then clear that the set 

{Zi^Zi^ ■ ■■ Zi^ \ 1 < ii < i2 < ■ ■ ■ < ik < n = dim V} 

(together with the element 1 regarded as an "empty product") spans Cliff (y). 

The canonical projection T{V) — > /\{V) is known to have a linear right inverse given by 
linearly embedding A(^) i^^to the tensor algebra T{V) as the skew-symmetric tensors: 

A • • • A Wfe i-^ ^ ^ sign(cr)w^(i) (g) • • • (g) v^^^.), 

where 5*^ denotes the permutation group of k letters. The Chevalley map j is obtained 
by composing this skew symmetrization map /\{V) — !• T{V) with the canonical projection 
T{V) — > T{V)/I = ClifF(y). Using an orthonormal basis Zi of V, this map is determined on 
the corresponding basis of /\(V) simply by 

Z,, A • • • A Z,, ^Z,,--- Z,^ 7(Z,J • • • 7(Z,J ( and 1 ^ 1), 

where 1 < ii < 12 < • • • < ifc < ri. The Chevalley map is known to be an isomorphism and it 
is often referred to as the Chevalley identification. We will say that the elements of Cliff (F) 
which are in the image of /\^{V) under j are of pure degree k. 

7.1.2. Embedding 5o{V) into Cliff(y). We wiU consider the image j(A^(^)) ^ Clifr(y) under 
the Chevalley map. This space is a Lie subalgebra of Cliff (V^), if we consider Cliff (V^) to be a 
Lie algebra in the usual way, by setting [a, 6] ^ ah — ha for all a,b E Cliff (F). On the other 
hand, /\ (V) is linearly isomorphic to the Lie algebra so{V), with ZiZj corresponding to the 
operator with matrix Eij — Eji in basis Zi . Hence the correspondece 

Eij - Ej,, < — > -^Z,Zj = -]p{Zi)-i{Zj) 

is an isomorphism of the Lie algebras 5o{V) and j{t\{V)) C Cliff (F). 
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7.1.3. Realizing the isotropy representation via Clifford algebra. We start with a definition. 

Definition 7.1. A quadratic Lie algebra is a Lie algebra q with a nondegenerate invariant 
symmetric bilinear form B. A quadratic subalgebra of g is a Lie subalgebra f) C g such that the 
restriction of S to () x [) is nondegenerate. 

In this section we will be interested in cases where both g and () are both reductive and 
complex. 

Example 7.2. Every complex semisimple Lie algebra is quadratic; one can choose for B the 
Killing form. 

Example 7.3. If g is (complex) reductive, then it is always quadratic. This is because g is a 
direct sum g — Zg Q) [q,q] where Zg is the center of g and where the commutator ideal [g, g] is 
semisimple. Now in the semisimple part [g,g\ one can choose the Killing form and then extend 
this over the center by any nongenerate symmetric bilinear form. 

Example 7.4. Not all reductive subalgebras need to be quadratic subalgebras. For example 
CAT with X nilpotent is not a quadratic subalgebra of g, but it is abelian and hence reductive. 

If [) is a quadratic subalgebra of g then 

where p = f)^ is the orthogonal complement of [} with respect to B. Moreover the restriction 
of i? to p X p and the invariance of B implies that 

[f),P] C p. 

By the invariance of B, the adjoint action of [) on p defines a Lie algebra homomorphism 
ad : [) — ?► so(p). Now composing ad with the embedding so(p) ^ Cliff(p) constructed in ij7.1.21 
one obtains a Lie algebra map 

(7.1) a : [) — ^ Clifr(p). 

Remark 7.5. Kostant denotes this map by in his papers. 

If we choose an orthonormal basis Xi for p. then the embedding so(p) ^ Cliff(p) is given 
explicitly by 

E,j-Ej,^~^jiX,)jiX,). 
Since the matrix entries of ad Z, Z G f) in the basis Xi are 

(adZ),, = S(adZ(A,),A,) = S([Z,A,],A,) = -S(Z, [X„X,]) 
Kostant ^Koj obtains an explicit formula for a in this basis: 

(7.2) a(Z) = i^i?(Z,[A.,A,])7(A07(^,), ^ G [)• 

i<j 

Remark 7.6. Notice that in view of the map a : f) — > Cliff (p) defined above, any Cliff (p)- 
module can be viewed as an f)-module. 

In particular, one could consider spin modules for Cliff (p). In this case all the weights of the 
f)-representation can be given in a completely explicit form. For this the reader should consult 
for instance [HuaPan] §2.3.4. 
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7.2. The case with t) symmetric. In this section, that follows very closely [HuaPan] . we shall 
make the extra assumption that () is a symmetric subalgebra of g, that is to say, there exists an 
involution cr of g such that () is the fixed point set of a. We further impose the condition that 
a is orthogonal with respect to B. 

The picture to keep in mind is the situation where B is essentially the Killing form, which is 
known to be invariant under all automorphisms of g and hence a is automatically orthogonal. It 
follows that p :— t)-^ (orthogonal complement with respect to B) is exactly the (— l)-eigenspace 
of (T and that the commutator [p,p] C f). 

Example 7.7. Let G be a real reductive Lie group with Cartan involution such that the 
fixed points of O form a maximal compact subgroup H of G. If g is the complexified Lie algebra 
of G and 6 is the complexified differential of 8, then the complexified Lie algebra f) of iJ is a 
symmetric subalgebra of g. 

In fact, one can show that every symmetric subalgebra is of this form for a suitably chosen 

G. 

Now with the assumptions as above the following is known to hold. 

Proposition 7.8. Let g = () © p be a Cartan decomposition and let a : U{t)) — > Cliff (p) be 
the map defined in the previous section. Then the image of the Casimir element Ai-, e U{1)) 
under a is the scalar — 

7.3. Our infinite-dimensional case. Our plan in this section is to generalize the map a : 
t) — > Cliff p given in ()7.ip to our infinite-dimensional case at hand and realize the image as 
operators acting on the infinite-dimensional spinor- module §p . 

Definition 7.9. For each N G N and with \i\ , \j\ < N and ij > (i.e. i and j have the 

same sign) define a linear operator K^^^ acting on Sp via the Clifford algebra representation of 
Cliff (pC), 

(7.3) K^P I E 7..7... 

feez 

\k\<N 
ik<0 

Remark 7.10. Notice that since i and j have the same sign, the requirement ik < is equivalent 
to kj < 0, and hence the Clifford algebra elements jik and ^kj are indeed well-defined in the 
sum (O). 



Lemma 7.11. For each m,l G Z with \m\ ,\l\ < N and ml < 

(7.4) [K'^P ,J„il] ^ (Tjmjil ~ Siljmj ^ adEij (^-f{Eml)j. 

Proof. Using the identity [AB, C] = A{B, C} - {A, C}B one obtains for ik, kj, ml < that 

[7iklkj,lml] = '2"fik6klSjm — '^Ikj^tl^km 

SO that 

(7.5) \K^''^ \lm.]\ = ^ \l%klk2,lm]\ = <5jm7i; "^tllraj- 

\k\<.N 
ik<0 

The claim on the right hand side of (|7.4p follows directly from the definition of the Lie algebra 
action of t)^ on Cliff(p'^), 

adE.j (^^{Erniij := 7^ a.dEij [Emi)^ ^ l{[Eij,Emi]) = l{5jmEii - duEmj) 
= Sjml{Eii) - 6iij{E„ij). 
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□ 

Next we notice that the operators K^^^ defined above satisfy the commutator relations of 
those standard generators Eij g [}^, where ij > and |i| , |j| < N. 

Lemma 7.12. For each N (zN and m, n G Z with ij > and mn > 

(7.6) [<\i^i"J]=^.™i^if 

Proof. Using the well-known formula relating commutators with anti-commutators 

[AB, CD] ^ A{B, C}D - {A, C}BD + CA{B, D} - C{A, D}B 
one first computes that for ij > and mn > and ik, kj, ml, In < 

(7.7) [7ife7fcj-7m/7/n] = likilkj.lmljlln - {lik,lml}lkjlln 

+ 7mnik{lkj,7ln} — lml{lik,Jln}jkj 

— '^.SklSjraliklln — 'iSaSkmlkjlln 

+ '26kn6jl"fmnik — '2SklSin"fmnkj- 

Hence 

\k\<N W<N \k\,\l\<N 

ki<0 lm<0 ki,lm<0 

(7.8) = <5,™i^L^)-<5.„i^i^\ 

□ 

Next we shall introduce an auxiliary set of Lie algebra generators that will prove out to be 
useful in what follows. 

Definition 7.13. For each i,j £ Z with ij > and |i| , \ j\ < N set 

(7.9) H^P---l E t^^fc'^'^^-]- 

fegZ 
ik<0 
\k\<N 

Immediately one sees that since 

ilikjlkj] = ^liklkj - {lik,lkj} = '^liklkj - 2(5ij . / 

we have 

(7.10) [H[p,lml\ = [K\f \-iml] = Sjmlil ~ SiUmj, 

where to, j G Z with ij < 0. 

Lemma 7.14. For each i,j,m,n e Z with absolute value < N and such that ij,mn > 0, we 
have 

(7.11) [Hlf\Hi^]^S,^H^:^-6.^Hl^ 
Proof. Follows from the general commutator formula 

[A,BC] = [A,B]C + B[A,C] 
and equation (|7.10p . □ 
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We would like to let iV — > cx) in K^j and obtain this way a representation of the Lie algebra 
^oo C gtrcs (notice that for f)"' the Schwinger term vanishes). Unfortunately, as usual, the 

operators K^^"^ diverge in the limit. To circumvent this difficulty one has to introduce suitable 
normal orderings for our operators by using the fact that "fij\0)s — when i < 0, j > which 
in our situation is seen as equivalent to the condition i < j. That is we want to replace the 
operators -R'fj^' with operators K^^^ satisfying the commutation relations (|7.6p and annihilating 
the vacuum, k'i^^\0)s — 0. 

Using the anticommutation relations determining Cliff (p^) we can write for i G Z with 
\i\ < N 



K-P = \{Y1 ^iklki+ XI (2-7/cz7zfe)) 



ik<a ik<0 
\k\<N \k\<N 



k<i k>i kyi 

ik<Q ik<0 ik<0 

\k\<N \k\<N \k\<N 



and similarly for i ^ j, ij > with \i\ , |j| < N we have 



k<j k>j 
ik<0.jk<0 ik<0,jk<0 
\k\<N \k\<N 



Ikjlik 



k<j k>j 
ik<0,jk<0 ik<0,jk<0 
\k\<N \k\<N 



Notice that 



N if i < 
if i > 0. 



E ^ 

k>i 
ik<0 

\k\<N 

Thus if we define the normal ordering 

liklkj if » 7^ j 

(7.14) oliklkj o { liklki j and k < i 

-Ikilik = liklki - 2 if i = j and k > i, 

where ij > and ik < 0, and set 

(^■1^) ■=2 2^°^^'^'^°-\ kP-N-I ifz = ,<0. 

\k\<N 
ik<Q 

then since the constant term —1 in (|7.15p commutes with everything it follows that 
(7.16) = S,^KlP - S„.K^Z' + c{KiP,KiP). 
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Lemma 7.15. For all ij,mn > 0, the term c{k\^\ Kmr!) = 0, or equivalently 



(7.17) [Kip,Ki^J] = 6,„.Ki::^ ~ 6„.K^y. 

Proof. Let x<o • ^ — ^ ^ be the characteristic function of the non-positive real numbers, 



1 if a; < 
if x > 0. 



Notice that if z, j G Z with ij > (i.e. i and j have the same sign) then 

X<o(j) - X<o{i) = 
Now write ^ = K^f^ - 5ijX<o{i)N ■ 1 so that 



^jmKl^'' - SinK^jZ^ + S„iSjmN(x<o{j) ~ X<o{i) 



□ 



(7.18) = 6,^Kl^^-d,^K^^Z\ 

Lemma 7.16. For each in,l E Z with \m\ ,\l\ < N and ml < 

{Su ■ sign(i) sign(m)7mi = -Sujrni if i > and m < 
5im ■ sign(i) sign(TO)7j/ = Simju if i > and m > 
Sim ■ sign(i) sign(TO)7i/ = Simju if i < and m < 
Sti ■ sign(i) sign(m)7mi = -Sujmi if i < and m > 0, 

K'.PlOh - 0. 

Proof. The first claim. Again, the constant terms in (|7.12p commute with everything so that 
the commutator rules for the normally ordered operators remain the same as the original ones. 

The second claim. First note that since i and k have different signs we have that k < i <^=^ 
/c < 0, i > and k > i k > 0,i <0. Write 

^0 <i=^ i>0 #0 <i=^ i<0 



|fe|<JV |fe|<w |fc|<JV 

ifc<0 ik<0,k<i ik<0,k>i 



and recall that 



[7i/c7feij 7mi] = '2^2kSklSjm — '^IkjSuSkm- 

This gives us 

[^ff''7m/] = I X! [7»fc7fc»,7mi] - ^ X! [7H7»fc,7" 



|fc|<Af |fc|<A' 
ifc<0, k<i ik<Q, k>i 



ilikSklSim — ^kiSilSkm) — ^ ilkiSilSkrn — likSklSim) 



\k\<N \k\<N 
ik<0, k<i ik<0, k>i 



(7.19) 

After this, the claim follows after a careful case-by-case analysis. 

The third claim. This follows directly from the definitions. □ 
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Remark 7.17. Let m, / G Z. Notice that if |m| , |^| < with ml < 0, and if we have any integer 
M > N, the statement of Lemma [7. 161 stiU holds triviaUy if one replaces K^^^ with k[^^\ e.g. 

[K'l^^\^rni\ — [adi?jj](7(i?„i/)) for all M > N etc. That is to say, with the chosen parameters, 
the result holds starting from N. To make things clearer, we give the following definition. 

Definition 7.18. For every N e Z>o define the subspace Sp°''(^) C Sp°' to consist of all finite 
C-linear combinations of the vacuum vector |0)s and the basis vectors 

(7.20) s = 7,„i/i7,„2/2 • • • jmkik |0)s e i^T-th < for aU i), 
such that \mi \ , |Zj| < for alH = 1, . . . fc > 0. 

It is then clear that Sp°'^(*^) C §p°1'(^) if M < iV and that U^=i §p°'^(^) = §p°', which is 
dense in Thus, if one sets Fp = Fp§P°' := §p°1'(p) for p e Z>o, then 

yields an increasing filtration of the C-vector space §p°' by C-vector subspaces. Note also that 
by Corollarv l6.4l and anti-commutation rules of the Clifford algebra we may assume the above 
basis vectors s in (|7.20p to be of the form 

(7.21) s-7miii7m2/2---7m,ijO)se§P°' (m, > 0, < for aU i ) , 

Proposition 7.19. Fix M e Z>o and consider ah TV e Z>o such that N > M. Then for all 
pairs i,j G Z with ij > 0, the action of the operators K^^'' on the subspace Sp°'''^^^ C §p 
coincides with the commutator action, i.e. K^^'^\0)s = and if 

S = lnnl,lrn,l, ' ' ' 7m.i JO)s = 7(i?mii J7(i?m.i J ' ' ' 7(i^™.i J 1 0)s G 

is a basis vector for §p°''(^^) then 

k 

K-P ■ s = [K'lp,s] := ^7mih • • ■ [Klp,j„,^iJ ■ • •7mfcijO)s. 

h=l 

Proof. By induction on the 'length' k. Let first fc = 1 so that s — 7mi|0)si where ml < 0. By 
Lemma 17.161 and Remark 17.171 we may write 

We make the induction hypothesis that the claim holds for fc = n, i.e. that for 



^IP ■ « = XI "^"I'l ■ ■ ■ I^y ' 7mhih] • • ■ 7m„i„ |0)g 
h=l 



Now let 
and write 



7m^7mi ^1 7m2 ^2 ' ' ' l^^nln 7m^ ' ^ 



and use the induction hypothesis to the term j^iKijS. □ 

Definition 7.20. For each N e Z>o let f)^^^ C be the Lie subalgebra/C spanned by all 
the elements E^j e fi^ {ij > 0) with \i\,\j\<N, so that t}fj^^ = 0[„(C) x 0[„(C). 
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Corollary 7.21. Fix M G Z>o and consider all integers N G Z>o such that N > M . For each 
such N the map Eij i— > Kif\ when extended C-linearly, yields a Lie algebra representation 

■■ ^fw) End(§P°'), 

where SP°' ~ J^^°^ {\p'^ , W) . When acting on the elements of the subspace §p°^'(*^)^ the action 
given by '^(n) coincides with the action given by the isotropy / representation ad, when ad is 
extended to act on the infinite- dimensional wedge product SP°'. 

Proof. The commutation relation (|7.17p guarantees that t^[n) is indeed a Lie algebra repre- 
sentation of i)'^j^y According to Lemma [7.161 for proper values of m, Z, one has [K^^\jmi\ = 
[a,d Eij]{'y{Emi)) so that by Proposition 17.191 it holds that for every element 

the action of K^^'' is given by 

k 

(7.22) K^p ■ s ^Y.^m,u ■ ■ ■ ([adi?.j](7rn,/j) • ■■Ira.iMn (for all N > M). 



h=l 



□ 



Definition 7.22. Let 



fcGZ 
ik<0 

Corollary 7.23. For each i^j ^"L with ij > the normal ordered infinite sum Kij defines a 
well-defined unbounded operator Kij : — > with dense domain 'D{Kij) = SP°' C S^. The 
image of the common domain SP°' for all Kij maps into itself, Kij{§P°^) C EP°K Moreover, 
the map Eij i— Kij, when extended 'C-linearly, realizes the isotropy representation ad of the 
Lie algebra f)^ C g[j.(,s(H, H+) on Sp°' — 7^P°'(p''', W) as an infinite sum of quadratic terms of 
CAR algebra generators. 

Proof. It is easy to see, that the computations made in the proof of Lemma [7. 161 are still valid 
when = cx) in which case we have no restrictions on the absolute values of the indices m, / 
appearing in the Clifford algebra generators 7,„; [ml < 0). It follows from this that also the 
result of Proposition 17.191 holds when we replace K^^ with Kij and §p°''(^^) with Sp°\ i.e. the 
action of Kij on §p°' coincides with ad Eij , where ad denotes the isotropy representation of f)^ 
on §P°\ which is of course well-defined unbounded operator and maps the dense domain §p°' 
into itself. □ 

Proposition 7.24. For all i,j G Z with ij > 0, the strong limit 

s-hm K^f ^ = k^j, 

where we consider each of the operators K^i^^ , Kij as an unbounded operator §p — > Sp with 
dense domain §p°'. Moreover, the above limit is uniform in the pair {i,j) G Z x Z in the sense 
that, if s G §P°' there exists an integer M = M(s) G Z>o such that 



whenever > M. 



K^.p (s) = K,j (s) for all ije1,ij>0, 
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Proof. Let s G §p°' = 'D{k\^'') = Vi^Kij) be arbitrary. Then obviously there exists an integer 
M g Z>o such that s £ §p°i^(*^) c Sp°'. Using Corollary [L2T] and Corollary [L23] we obtain 
that 



■ s ^ [a.dE,j]{s) = Kij ■ s for all N > M, 



so that in particular 



lim 

JV-s-oo 



0, 



from which the claim follows. 



□ 



8. The Dirac operator 

8.1. The space of "L^-spinors" on Grj-cs- Recall that in the case of a compact Lie group G 
the Hilbert space of square integrable spinors on a homogeneous space G/H satisfies 

L\G/H,S) = L\G^H^p)^^Vx® m ®^pf, 

where the Hilbert space direct sum is taken over all irreducible representations V\ of G. More- 
over the Dirac p operator on G/H kept fixed all individual summands in this decomposition 
and acted trivially on each V\ on the left hand side of the tensor product V\ ® {V^ (8) §p ) . 

The Lie subgroup H C G acts on each by restricting the action of G on and on the 
spinor module §p via the composition of the lift of the isotropy representation Ad : H — 
Spin(p) and the spin representation Spin(p) — > End(§p). Hence H acts on each <S> Sp via 
tensor product of the above representations. Then the subspace (F^* €5 Sp)^ C ® Sp of 
H-invariant vectors in §p consist of all vectors in €5 Sp staying invariant under the 
above action of H . Concretely, if we denote by tt^* : G — > Aut(y;^*) and Ad : H — > Aut(Sp) 
the above representations, then 

(8.1) for all e i/}. 

Differentiating the above representations we obtain the corresponding Lie algebra represen- 
tations rx* : Q — > End(y;|*) and ad : \) — > End(Sp) and we may consider the subspace 
{Vx ® Sp)'' C Vx <E) Sp of t)-invariant (or \)-equivariant) vectors in Vx <E) Sp consisting of all ele- 
ments in Vx fX" Sp that are annihilated by the (diagonal) tensor product representation rx' (X" ad 
of f), i.e. 

(y;®Sp)'' 



{"^Vi^SjE ® Sp I ^ rx* {h)v, 
for all ft, e f)} 

{ ^ «) e Vx ® Sp I ^ rx' {h)v^ 



E 



Vi ® ad {h)sj 



Vi ® ad {h)sj 



rx' (ft) (Xi 1 (w) = - 1 (8) ad (ft) [w) for all 



Thus, if Si, . 
(8.3) 



, Eri 



for all ft e f)} 

= |w e Vx ® Sp 
ftet)}. 

is a basis for (), we may write the f)-invariant sector as 



w^v: ® So 



z = l,. 



,,m|. 



rx- (Ei) (g) 1 (w) = - 1 (g) ad (E,) (w) for all 
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Now we want to consider a proper analog of the above definition for the infinite-dimensional 
restricted Grassmannian manifold M = Gi\cs{'H,7i+) = G/H, where we have G — Ui-cs{'H,H+) 
and H = U(H+) x U{T-L-). Now instead of considering all the possible irreducible (projective) 
representations of U-^cs we decide to work with a kind of "minimal'' Hilbert space in which we 
only consider one irreducible representation of C/ros, namely the basic representation of U-ccs on 
the fermionic Fock space J- J^('H,'H+). Differentiating we obtain the basic representation f 
of tires on J- which we complexify to a representation of gl^os on !F. 

We will also want to consider the complexifed Clifford algebra Cliff (p^) — Cliff (VF ® W) 
presented in section iJ6.2.2l Recall that Cliff (p^) had an action on the space Sp = J^{p'^ , W) = 
J^f (p"') ® iF-{p'^) which we consider as the complexified spinor module for Cliff(p'''). 

In section H5.15I we noticed that the spin lift ad of the isotropy representation was trivial 
with the central element acting by zero. Hence the complexification f)'' acts nonprojectively on 
§p via ad and for this reason we will denote ad and its spin lift ad by the same symbol from 
now on. Now let's see what this means concretely. Recall that if is a (finite-dimensional) 
representation of a Lie algebra g of a Lie subgroup of GL{n, C) then g acts on /\^ V by 



A V, 



}^iXv,, ) A • • • A + ■ • • + 2^ w,, A • • • A (Xv, J. 

Now since the complexified spinor module Sp = J^(p*', W) is by definition an infinite direct sum 
of wedge products of Hilbert spaces and since [t)'', p^] C p"' we have the following situation: If 

S = 7miii7m2i2 • ■■lmjJO)s = j{E„ijJj{E„i^l^) ■ • • 7(£'.mfci J |0)s, 

where each nijlj > (j = l,...fc), is a basis vector for Sp = J^(p*',VF) then for the basis 
elements Epg e f)J^ {p, q e Z, pq > 0) 



(8.4) 



ad{Epq){s) 



k 

E 

1=1 



7(i?„Hh) • • • 7([i?P9, i^m.d) • • • 7(£^™,i J|0)s. 



We are ready to consider the tensor product representation 
(8.5) f?:f)^ — ^End(-F®§P, f ® 1 + 1 (g) ad, 

where f denotes the restriction of the basic representation of Qi^.^.^ on J- to the Lie subalgebra 
f)^ C fllrcs- Hence, by linearity, the space of ()^-invariants is given by 



w e J" (g) 



f{Epq) g) 1 (w) 



{ 

p,q £ Z such that pq > 0^ 



1 g) ad{Epq) (w) for aU 



(8.6) 



jwe-F^S;^ f{Epq)'. 

p,q £ Z such that pq > o|. 



pq 



(w) for all 



From now on, in order to save notation we set, by abuse of notation, 

(8.7) (J-^Sp" := (J-®§p"~'^?. 

Motivated by these facts we give the following definition. 

Definition 8.1 (Hilbert space of spinors). Consider the restricted Grassmannian manifold 
M = Gr,.os('H,-H+) G/H, where we have G = Urcs{'H,n+) and H = U{H+) x U{H-). Set 



L (Grros('H, 'H+), 5c 



J"oCH,-H+)(g§; 



DIRAC OPERATOR ON THE RESTRICTED GRASSMANNIAN MANIFOLD 



43 



Remark 8.2. Of course we need to know that the space (Jx) (X) Sp)'' is nonempty! This follows 
from the fact that for p,q E Z, with pg > we have f{Epg)\0)jr = = Kpq\0)s so that at least 
the vacuum vector |0) — \0)jr (g) |0)s belongs to {Tq (g) Sp)''. 

Remark 8.3. In order us to be able to prove the finite-dimensionality of the kernel ker P we shall 
need to consider the smaller Hilbert space (J-q (8) Sp)'' instead of the larger space (J^ (g) Sp)''. 
However, if some properties, e.g. being well-defined, can be proved also over the bigger space 
J-"® Sp or Sp)'' we will do so in this generality. 

8.2. The diagonal Casimir operator. Recall that we had the diagonal representation g : 
t}g ^ End(J"(8)§p with 

(8.9) E.,j Eij,g f{Eij) (g) 1-f 1 ® a.d{Eij) for aU ij > 0, 

where f denotes the restriction of the basic representation of gl^.^^ on J- to its Lie subalgebra 
Let 

■= ^(^^j) ® 1 + 1 K^iP for aU ij > 0, 
so that in the 'limit' N ^ oo the operator E^-p Eij^g. 

We define the N^^ cut-off diagonal Casimir operator of f)!^ to be 

e ■ ij,e ji,g 

ij>0 
\i\,\3\<N 



(N) 



ij>0 
\i\,\3\<N 



ij>0 ij>0 
\i\,\j\<N H\:\3\<N 



(N) 
ji 



(8.10) + Y i^^r^^r 

ij>0 
\i\,\3\<N 

so that A^^^ e End(J'® §p. 

8.3. Working the intuition. Since the restricted Grassmannian manifold is a homogeneous 
space, in giving a reasonable definition for a Dirac operator in our infinite-dimensional set- 
ting, at first step we would like to mimic the expression of the (true) Dirac operator (|2.4p on 
homogeneous spaces G/H where G is a compact Lie group, 

dim p 

p^Y ^(^') + -X* • i^pX, e UiQ) ^ ciiff(p), 

1=1 

where {Xi} is a basis of p = g/f) and {X*} its dual basis. Here r restricts from g to a 
representation of p C 0. Unfortunately, as we noted the square of the above expression turned 
out to be quite a mess and one would expect that the analogous situation would be even harder 
to control in infinite dimensions. 

However, the restricted Grassmannian manifold Grj-os — G/H, where we have G = J7rcs('H, 7^+) 
and H = U{T-L+) x U{T-l-), is not just a (Banach) homogeneous space, but has more structure 
being an infinite-dimensional symmetric space: 
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Theorem 8.4 (Spera, Wurzbacher, |SpeWu| ). The restricted Grassmannian manifold is a 
Hermitean symmetric space. In particular 

[[),p]cp, [p,p]cf). 

Grj-cs is geodesically complete and its Riemann curvature tensor is completely fixed by its value 
in the point . Furthermore the trace corresponding to Ricci curvature of Grros is "linearly 
divergent". 

Thus according to ^ a better analogue would be the operator 

dim p 

(8.11) ^=^r(X,)®X;, 

1=1 

for which the Dirac operator on a homogeneous space reduces when the homogeneous space 
happens to be symmetric. Notice that in this kind of special case this coincides with the 
Kostant's cubic Dirac operator |Koj for a pair (g, ()) (g compact semisimple, f) reductive maximal 
rank subalgebra of g), namely if we are in a situation g = f) p with f) and p complementary 
and [p,p] C t), the cubic term in Kostant's Dirac operator vanishes indetically. 

In general, both operators, the Dirac operator on a compact Riemannian symmetric space 
and Kostant's (algebraic) cubic Dirac operator have the special property that their squares can 
be expressed in terms of various Casimir operators for g and f). This has the impact that the 
squares of these Dirac operators can be analyzed completely in terms of representation theory. 
Keeping this in mind equation (|8.1ip would then seem like a good candidate expression to be 
extended to our infinite dimensional case (essentially by letting dimp — > oo in this expression 
and showing that this makes sense as an infinite sum of operators). One would then expect 
that defined this way, the square of the Dirac operator could be written as a sum of various 
normal ordered Casimir operators for g and f) plus possibly some extra (normal ordered) terms 
originating from the central extension. The Casimir operators would then be analyzed in terms 
of (the highest weight) representation theory of g and f) and hopefully the extra terms originating 
from the central extension would be simple enough to be analyzed straightforwardly by hand. 

The final ingredient to add is to do everyting in a complexified setting. In particular, we 
replace our Lie algebras g = Uics and f) with their complexifications gc ~ Q^ics ^^^^ Since 
Gi{H,H+) is an infinite-dimensional Kahler manifold, we next recall from [LaMicQ that for 
a 2n-dimensional Kahler manifold {X, J, {■, ■)) with canonical Riemannian connection V, the 
Dirac operator 

D : r{ce{x)) r{C£{x)) 

associated to the complexified Clifford bundle C£{X) := C('{TX) (E) C has a decomposition 

(8.12) D^S! + '^ 

such that and ^ are first order differential operators which are formal adjoints of one another 
(^* — S^). These operators are defined by 

(8.13) ^</> = ^c(e,)Ve,0, ^0 = ^c(£,)Ve,(/', 

j 3 

where 

(8.14) Ej — -(ej — iJej) and ej = -{cj + iJcj) 
for any local orthonormal frame field of the form ei, Jei, . . . , e„, Je„. 
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8.4. The Definition. We first introduce our Dirac operator as a formal sum of operators and 
tlien prove tliat it actually defines an unbounded operator witli a dense domain. 

Definition 8.5 (Dirac operator). As a formal element of End{T (E) §p), the Dirac operator 
on the restricted Grassmannian manifold Grics is defined as 

(8.15) ^ := ^f(Xj,_fe)(>5 7(^-fe,i)+ ^^=(^-P,,)'»7(^g,-p) 

fc>0, p>0, 
l>0 g>0 

!J<0 

where we have used the shorthand notation Eij — f{Eij), jji — ^{Eji). We shall also denote 
by -^ji = '^{Eji) the images of inside the CAR algebra 2l(p*', W). 

Here the the first sum in the f(-) component is over the basis of = p and the second one 
is a sum over the basis of the complex conjugate W = p. 

Proposition 8.6. For the basic representation f of q[^^^{'H,'H+) on the fermionic Fock space 
T = J-{'H, the formal Dirac operator Ij) defines a well-defined unbounded symmetric linear 
operator ^ : J^igjSp — > J^(X)Sp between two Hilbert spaces with dense domain Vi^p) = J^P°'(g)SP°' 
whose image under ^ is again in T>{(f)). 

Proof. Written in terms of the field operators the Dirac operator p becomes 

^ = ^II^r5-fc®*-M + ^I]^-p^9<»*;-p 

fc>0 p>0 
l>0 q>Q 

(8.16) = i^Ari?l,®a(£;_fc,0 + ^5]i?-pA^^*(^9,-p)- 

fc>0 p>0 
l>0 q>0 

Notice first that each of the operators B^p,Aq and a{E^k,i) are annihilation operators as- 
sociated to an orthogonal basis vector of T-L-,H+ and p^, respectively. 

Fix i/j e J^P°'. Then according to Corollarv 14.61 there exists only finitely many indices g e Z 
such that ipi^q-f :— Aq ■ tp ^ 0. Notice that in any case 4'(q) G for all / G Z. For simplicity 
we may assume that is a monomial. Now for each '!/)(^) 7^ there exists again only finitely 
many indices p for which B-p ■ tp^^q^ ^ 0. Hence there are only finitely many pairs {p,q) £ IxIj 
for which {B-pAq) • -0 7^ and we conclude that the sum ^ B-pAq (g) h*{Eq-p) on the right 
hand side of (|8.16p is a well-defined operator on J^p°' (g) §p°'. 

On the other hand, again according to the Corollarv 14.61 for a fixed s e §p°' there exists 
only finitely many pairs of indices (A;,/) G Z x Z for which a{E^k,i) • s 7^ showing that the 
sum ; A1B*_f. (g a{E^k.i) on the left hand side of equation (|8.16p is a well-defined operator 
on J^P°ig)§P°i. 

The statement concerning the denseness property is evident since by its very definition a 
Fock space is a completion of its purely algebraic counterpart. 

The symmetricity part follows from the explicit description (|8.16p and the adjoint properties 
of the various field operators, e.g. the operator 5*^^, ^ is an adjoint operator of 'i'-k,i etc. □ 

Corollary 8.7. The square pP — p o p : Sp — > J-" Cg §p is well-defined as an unbounded 
linear operator with dense domain 'D{0^) — 'D{p) = J^p°' (E) §p°'. 

Corollary 8.8. The kernel of the Dirac operator satisfies C|0) C ker(^), where |0) = |0)jr(E)|0)s. 
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Proof. It follows directly from Proposition 16.51 that |0) ~ |0)jf (X) |0)s £ ker(^). Since for a 
well-defined operator, the kernel is always a subspace the claim follows. □ 



Lemma 8.9. The Dirac operator P on Grj-es = t^rcs/(C^(^+) x U{'H-)) — G/H commutes with 
the right action 

(8.17) g{Z) :=f(Z)«)l + l«)adZ==f(Z)(g)l + l(8)adZeEnd(J"«)S^) 

for allZel)^. 

Proof. By linearity, we may assume that Z = Eki with fcZ > 0, a basis vector of f)^. We want 
to show that [g{Z),p](p = [g{Eki), Eijez E^j(g)jj,]ip = for aU ip e V{p). Using Corollary[L2l 

and the fact that the representation of gtj.cs the fermionic Fock space JF was given in terms 
of CAR algebra generators, one sees that £>(Z) e End(J^P°i (g) 5?°^) = End(I?(^)) for all Z e l)'^ 
so that it makes sense to take the commutator and the image satisfies 

[Q{Z),p]^ = giZ)ipip) - p{g{Z)^) e V{p). 

Moreover, according to the proof of Proposition 18.61 for each element (f € the sum 

(Sii<o ^i] ® is actually finite: 

ij<0 ij<0,\i\,\j\<N 

for some N N depending on ip. This implies that pointwise we are free to change the 
summation order any way we want. This allows us to prove the claim by the following formal 
computation: 



[Z, E,j] ® + E,j (g) [ad Z, jj,] 

i3<0 

Y [Eki,Eij] (K) + Eij (K) [Kki,-/ji] 

J2 [Eki:E,j] ® 7(^,0 + E,, j[[adEki]{Ej,)'^ 

i]<0 

J2 [Eki,E,j] (g) j{Ej,) + E,j g) j([Eki,Ej,]j 

ij<0 



i]<0 



CorolJ725] 
Lemma 17. 161 
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This simplifies to 



ij<a ij<0 



ij<0 ij<0 

= Y ^aEkj ® liEj,) - Y SjkE^i ® j{Eji) 

ij<0 ij<0 

+ Y ® SjiliEkt) - Y ® 5ikl{Eji). 

ij<0 ij<0 

Now write the first infinite sum appearing above as 

(8.18) Si Y ^^i^kj ® l{Ejz) = Y ^''^''^ ® ^(^J^) + ^^^^^3 ® ^(-^J*) 

y<0 j<0 j>0 

and the fourth sum term the same way: 

(8.19) 54 Y ^'J ® ^^kl{Eji) = Y ^^kE^j ® -/{E^i) + ^ 6,kE^j (g) i{Eji). 

i.jel, i>0 i<0 

ij<0 j<0 j>0 

Notice that trivially 6ab = if a G Z and & € Z have different signs and that a necessary 
condition to allow dab the possibility to be equal to 1 is that a and b must have the same sign. 
Recalling that k and / have the same sign it follows from (|8.18p and ()8.19p that 5i — 5*4 = 0: 
For example if fc, / > 

Si-S4 = Y ® l{Eji) - Y Ekj ® liEji) = 0. 

j<0 j<0 

Similarly one sees that 

5'3 - ^2 = Y ® ^3lliEki) - Y ^l^^^l ® = ° 

ij<0 y<0 

SO that 

[q{Z), Y E^J ® 7j,:] =Si-Si + Sz-S2 = Q 

ij<0 

from which the claim follows. □ 

Corollary 8.10. For the basic representation f : glj-^g — >■ End(J^) the Dirac operator descends 
to 

(8.20) ^ : ( J- ^ " — ^ ( J- «) " 

where it is a well-defined unbounded symmetric linear operator with dense domain 'D{!j)) = 
(J"P°^(g)§P°i)''. 



Proof. This follows from Lemma 18791 and Proposition 18.61 □ 
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Just as it holds in the finite-dimensional case, we would like to show that <j) is besides a 
symmetric operator, it also has a finite-dimensional kernel. To deal with this question, it turns 
out to be a good idea to study the square ^ of the Dirac operator instead of trying to look 
directly at p which is much harder. 

8.5. The square ^. 

8.5.1. Introducing cut-offs. Since clearly ker^ C ker^ , in order to show that dimker^ < oo 
it is sufficient to show that dimker^ < oo. Our strategy to approach the kernel of the square 
^ will be to give a concrete diagonalization for ^ from which we can easily deduce explicitly 
what the kernel ker^ is. 

The diagonalization is made possible by introducing and analyzing a cut-off operator ^^-j for 
each iV G N, and then showing that the limit of these cut-offs as iV — >■ cx), in the strong sense, 
is the original square fP. The cut-off is a finite sum of operators, allowing us a better control in 
handling the various diverging polynomial terms in the variable A'^ appearing in the algebraic 
expression for 0^ffy that ultimately are ought to annihilate each other, since we already know 
from the previous section that ^ is a well-defined operator. 

We use the shorthand notation 



ijel, ij<0 ij<0 

ij<0 



in the calculations that will follow. 

Definition 8.11. For each G N, introduce the cut-off ^(jv) : (g) §p — > T ( 



I»l,b1<w 

which is a finite sum of operators. 

The following Proposition tells us in which sense ^(^r) is an approximation of p. 
Proposition 8.12. The strong limit s- limjv-i-oo ^(Af) = P, i.e. 

for all ip G 'DiP) — C\n(z^T^{P{n})- Here the norm ||-|| is induced by the Hilbert space inner 
product on the tensor product Hilbert space (g) §p . 

Proof. Let ip G '^iP{N)) = ® be arbitrary. Then according to the proof of Propo- 
sition there exists G N such that 



PlN)V = 



for all N > N^, from which the claim follows. □ 



8.5.2. Invariant sectors. Looking at the proof of Lemma 18.91 one sees that P(n) descends to an 
operator 

where 

(J-^Sp"'^ := {wG J"(gsd [f(£;pq)®l]H= [-l(g^W](y;) for all 

(8.21) p,q eZ such that pq > and \p\,\q\ < ivj . 
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For each N E N the operator ^(jv) has a dense domain {J-p°^ (S) §p°')'''^ which is defined in the 
same manner as its previous analogues. 



It is then clear that the square 



(J-< 



is an operator 



Proposition 8.13. Consider the Dirac operator p as an unbounded operator, p : (J^(g)§p)'' — > 
(7" (g) Sp'' . Then for each e V{p) there exists eN such that for ah N > 

(1) ^ e vip^N)); 

(2) ^(A,)V5 = p(p; 

(3) The image p^N^f G n I?(^(jv)), so that the compositions pPif and ^^v)'/^ both 
defined and their values coincide. 



Proof. 
(8.22) 



(1) Let ip e 'Dip) = {J- ^ Sp)''; so that by definition p satisfies 



1 



iw) 



for all p,q E Z with pq > 0. Next recall that according to Proposition 17.241 for all 
p,q El, with pq > 

s-lim = 

uniformly in the pair (p, q) E Z x Z. Thus there exists an integer A^i^ € Z>o such that 

[1 (g) -ft^^f V = [1 (8) -^pg]u; for all p,qEZ,pq>0 
whenever N > N^. It follows then from equation (|8.22p that 



f{Epg) (g 1 {w) = 



1 ^ Ki""^ 



(w) for all p, q E Tj, pq > 



whenever N > N^p. In particular E I?(^(jv)) for all N > N^p. 

(2) This follows directly from Proposition 18. 121 

(3) Clear from the part (2) above since the images im(^) C ^{p) and im(^(^-)) C 'D{ 



\N)) 



□ 



8.5.3. A rough computation. We start by giving a very brutal looking expression for the square 
of the cut-off Dirac operator P[n) ^nd then proceed to analyze and normal order the various 
terms in it step by step in order to end up having as simple expression as possible for the square, 
i.e. an operator which we can actually understand. 



Proposition 8.14. The square of the N cut-off Dirac operator ^(jv) : (X" Sp 
given explicitly by 

1 .r- /„ „ „ „ \ . 



J" «) §^ is 



(N) 



16 



i ^ 1 (8) sign(i)7ij-7j 



^ni-EfYij 



ij,mn<iO 
|i|,b|,|m|>|<A 



ij<0 

|i|,b-|<JV 



- E 

ij<0 

H\:\3\<N 



^ij-Eji 



Proof. First note that in general one may write the product ST of two operators in terms of a 
commutator and an anti-commutator as 



(8.23) 



ST=^{[S,T] + {S,T}). 
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Applied to the cut-off square ^^^n this gives 



(AT) 



ij,mn<0 
|i|,lil,l'"l,|n|<Ar 



ij,mn<0 

KI,b1,|mM"l<-'v 

ij,mn<0 
\i\,\3\,\m\,\n\<N 

ij.mn<0 
\i\,\j\M.]n\<N 

ij,mn<0 

NI,b1,|m|,l"l<Jv 

Next recall that 

s{Eij,Ej,) = -s{Eji, Eij) = 1, if i < 0,i > 0, 
(8.24) s{Eij,Emn) = in all other cases, 

so that 

^{N) "Ye ^ (^jTO-ETO - Jnii^mj - sign(i)5i„^jTO • 1^ (g) [7ji,7„TO] 

ij,mn<0 
\i\,\j\,\m\M<N 



ij<0 

ij,mTi<0 
|i|,b1,|m|,|n|<]V 

ij,mn<0 ij<0 
|i|,|j|,|m|>|<]V |i|,U|<JV 



ij,mn<0 

KI>|j|>l'"M"l<Jv 



ij<0 ij<0 
\i\,\j\<N \i\,\j\<N 



Lemma 8.15. As an operator (g) Sp — > (g) Sp 

ij,mn<0 ij, m<0 

\i\,\3\,\ml\n\<N (jn>0) 
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Proof. During the proof we shall always assume that all the indices satisfy \i\ , \j\ , |m|, \n\ < N 
and in order to simplify notation we shall drop this condition off from the sum terms. Now let 



ij^mn<0 
H\,\3\,\m\,\n\<N 



/ ^ —III lijn iiij] 

ij<0 ij<0 
jn<0 irn<0 

(8.25) = Ein <E) [lnj,1ji] ~ J^Yl -^"J [7j«:7m]- 

ij<0 ij<0 
jn<0 in<0 

Notice that the conditions ji < 0,jn < imply that in > and similarly one sees that 
necessarily mj > so that EinjE^j £ f}"-. 

Now the first and second term in (|8.25l) look very similar and they are indeed equal. This 
can be seen by permuting indices: In the sum above —j^ X]«i<o €5 [inji Ijili first switch the 

jn<0 

indices i ^ j and after that switch the indices n -k-^ j , from which the claim follows. □ 

8.5.4. Link between and various Casimir operators. Next introduce the naive iV*^ cut-off 
Casimir operator of qI^^^, 



\i\M\<N 



and the naive diagonal Casimir operator of by 

(8-26) E E,,E,^®l + 2 J2 E,,®H^P+ ^^H^^H^ 



ij>Q ij>Q ij>0 

H\:\j\<N H\,\3\<N \i\,\j\<N 



Then the following holds 



Proposition 8.16. The square pf^s : T — > 7^ of the A^*'^ cut-off Dirac operator is 



given by 

ij>0 \i\<N' 
\A:\3\<N i/0 

Proof. To simplify notations we shall assume during the proof that the indices i,j,m,n e Z 
appearing in various sums always satisfy |z| , |j| , \m\ , \n\ < N. 
By Lemma 18.151 we may write 



Now write 



E ^"J' ® [7r'' 7m] + E ^^oEji - ^ E ^ ® sign(i)[7j«, 7u]- 

ij,i'n<0 *J<0 ij,mn<0 

(i«>o) 



i E Enj®t/f„Jin] = -2Y{Enj<»^ E [7i^'7™] 

{jn>0) jn>0 ij,in<0 

= -2 ^ Enj «) i/. 



AN) 
jn 

jn>0 
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and similarly, noticing that for a pair ij < 0, we have sign(i) — — sign(j), hence 
~ i 1 ® sign(i)[7j,, 7ij] = 1 X! ( sig^O')^ t^i^' - 

ij,mn<0 Jt^O i 

= l®^sign(j)i?(f) 



so that 



from which the result follows since 

-2 5:i?„,«<) + ;^i?,-i^,, = Aw^i-AW+ ;^ 

jn>0 ij<0 ij>0 

H\,\3\<N 



□ 



Remark 8.17. The reader should compare the expression inside the parenthesis in Proposition 
18.161 with Proposition 3.1.6 in [HuaPan] , where the square of a 'finite-dimensional' algebraic 
Dirac operator introduced by Parthasarathy is computed. 

8.5.5. Introducing normal ordering for A^J^K Next set 

(8.27) ) - N\ 
Then we have the following result. 

Proposition 8.18. One may write 

(8.28) A|,^^„ = 2 51 ^^J^J' + Y ~ 2* + sign(*) ' 1 

j<'i \t\<N 
H\:\j\<N 

Proof. The claim follows easily from the results proved in the beginning of Appendix C. □ 

By the same reasoning as with the operator A'^^ in Appendix C, the operator Ag^on is 
well-defined in the 'limit' N oo and this limit behaves similarly to A when realized on the 
highest weight representation spaces Ft <Z JF oi the fundamental representations of ttoo C fllrcs- 
More precisely, we have the following Proposition, whose proof is identical to the proofs of 
corresponding statements in Appendix C. 

Proposition 8.19. Denote by Ag the 'limit' of Ag^cn as ^ oo, which we consider as an 
unbounded operator J-q — > J-q with dense domain 'D{A^) = J-q°^, i.e. we set 

Ag 2 ^ E.jEj, + Eu [e^ - 2i + sign(i) • 1 

Then the following holds. 

(1) The unbounded operators Ag,Ag^cn ■ J'o — > J'o with common dense domain J-q°^ 
satisfy the strong limit condition 

s-lim A^^ln = Ag. 

AT— foo 
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(2) The restriction 

A — O /\/f Tfj^ 

where we have used the decomposition 



= 2M id-c-poi.M , 



-^0°' = J-Q°^'^^ (algebraic direct sum, orthogonal decomposition) 

occuring in Appendix C right below Corollarv lC.9l 

(3) It follows from the above that Ag is diagonalizable with spectrum equal to 

spec(Ag) = 2Z>o. 

(4) The kernel of Ag satisfies 

ker(Ag)= JT'^" = C|0)^ 
so that in particular dimker(Ag) = 1 < oo. 
Hence we may now write 



(AT) 



ij>0 \i\<N 
\i\,\j\<N 1^0 



where Ag^cn is now well-defined as iV — )■ oo, but the other terms in this expression still need 
to be properly normal ordered. 

8.5.6. Normal ordering for the diagonal t)^-Casimir operator. To introduce a valid normal 
ordering for all the relevant summands of ^^v) ^'^^ ^'^ know how the different operators 

kIP\k[P and are linked to each other. Writing [7ife,7A..j] = 'i.^iklkj — 2(5.y • / one sees 

immediately that 

(8.29) = K\f^-\5.,N = K\f^-\s^5^,N 

(8.30) = I if.^.or^=,>0 
'■'I k\P + N -l if i = j < 0. 

Lemma 8.20. On the N^^ level i)^-invariant sector, i.e. as an operator 
the naive diagonal Casimir operator of (]^ becomes the constant operator 

Proof. We want to use the fact that the diagonal Casimir operator A^^-* introduced in ii8.2l is 
identically zero in the N^^ level ti^-invariant sector. For this reason we want to switch the 
operators appearing in the definition of ^[^^Ji^g to the operators K^^^ one sees in the 

expression for Ag^\ 
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To begin with, equation (|8.29p yields 



ij>0 ij>0 
H\,\3\<N H\:\3\<N 



ij>0 \i\<N 
H\:\j\<N I/O 

and similarly noting that here sign(i) = sign(j) one computes using again equation (|8.29p 



ij>a ij>0 \i\<N 

\i\,\j\<N KI,|j|<W i^O 



Thus, we may now relate the naive diagonal Casimir operator aI^^j^^ given by (I8.26P with 
the diagonal Casimir operator Ag^-* appearing in equation (|8.10p : 



\i\<N \i\<N 



Since in the iV"^ level f)|^-invariant sector Ag^' = and Eij (g) 1 = — 1 (g) the claim 

follows. □ 



It follows from the above that at this point we may write in the TV* level f)^-invariant sector 
the square of the Dirac operator as 

ij>0 \i\<N 
\i\.\j\<N t^O 

(8.31) + - ^N^, 

where inside the parenthesis we think we have a normal ordered Casimir operator for g acting 
on the left hand side of the tensor product, and a non- normal ordered Casimir operator for the 
Lie subalgebra ()^ acting on the right hand side of the tensor product. 



8.5.7. Getting rid of the diverging polynomial terms P(N). We begin by trying to write the 

naive spinorial Casimir operator J2ij>Q 1 ® ^if^-^'j^^ appearing in (|8.3ip in a form that could 
be normal ordered. 

Using equation (|8.29p one may as a first step write 

(8.32) E <^f= E K^'K^'-NY.K^'-^k^'^ 

ij>0 ij>0 \i\<N 

\^,\j\<N l»l,b1<JV 

which now also includes a term ^N^ annihilating the diverging term —■^N^ appearing in ()8.3ip . 

Moreover, in order to annihilate the diverging polynomial term N'^ in (|8.3ip . we want to 
write the term in equation ()8.3ip containing sign operators in terms of the operators . 
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This yields 



.33) 



|i|<Af 



sign(i)i7, 



(N) 



sign(i) ( 



E 

\i\<N 

\i\<N 
i=^0 



(N) 



■ sign(i)%iV 



Inserting equations (|8.32p and (18.3311 into equation (|8.3ip gives us now 



= A 



+ 1 



(N) 



|i|<Af 



E 

sign(i)xff ^ 



ij>0 
\i\:\3\<N 



\i\<N 



Writing the sum 



\i\<N 



\'i.\<N 



iV ^ TV • 1 = TV 



i<0 



|i|<Af 



+ 7^-1 



this becomes 




■.II 



1 + 1' 



.34) 



|i|<JV 



sign(i)i4:^ 



E 

KI,lil<Af 



W-l0iV^ iff) 



|i|<Af 



= :/// =:IV 

We proceed from here by giving a detailed analysis of the operators 1 ® sign(i)isrf ■* 

and N k\^^ appearing in (|8.34p . It turns out that when interpreted properly the former 
is essentially a fermion number operator and the latter is actually a zero operator in disguise. 
Also, the operator Y.^J>Q ^IP " 

appearing in (|8.34p turns out to be identically zero. 
8.6. Operator III The fermion number operator. Consider a basis vector 

(8.35) s = 7„ii;i7„i2;2 • • •7„i^;jO)s e (mi > for aU i), 

where k G Z>o. Here we understand that the value k — corresponds to the case s G C|0)s. 
We set for a basis vector like above 

(8.36) Length(s) := k. 

Definition 8.21. We define the subspace gP"''*^ c §p°' consisting of all finite C-linear combi- 
nations of the basis vectors (j8.35l) such that Length(s) = k and equip it with the inner product 
inherited from SP°'. 

Obviously then the algebraic direct sum satisfies ®^]^ §poi^''" — §p°^ 

Recall that for every N e Z>o we defined the subspace §p°i>(^) c Sp°' to consist of all finite 
C-linear combinations of the vacuum |0)s and the basis vectors (|8.35p such that \mi \ , \li\ < N ioi 
alH = 1, . . . fc. We also noticed that Sp°''(*^) c Sp°''(^) HM <N and that |J?^=i §p°''(^) §p°'. 
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Lemma 8.22. Fix M G Z>o and let N e Z>o be any integer satisfying N > M . Based on 
these assumptions define 

iez\{o} 

|i|<A' 

Then for k,leZ with kl < and \k\ , \l\ < M 

+2jki tfk>0 
-2-fki ifk<0. 

Proof. The claim follows directly from Proposition 17.191 and Lemma 17.161 □ 



(8.37) [F^N),lki] = 



Corollary 8.23. Fix M E Z>o and let N e Z>o be any integer satisfying N > M. The 
operator i^(Ar) acts on the basis vectors 

(8.38) s = 7mih7m2i2 • • • lm,u |0)s & ^"'"''^^'^ (m, > for all z) 

so that 

F(jv)(s) = 2A:-sg§P°'^(*^), 
where also the value k — is accepted by which we mean that in the equation i8.38\) s G C|0)s. 

Proof. Since for each integer N > M, k'^^'^ operates on Sp°''*^*^'' C §p via the commutator 
action by Proposition 17. 191 we have that 

k 

P{N){s) ^Im^h • •• [^W,7m^/J •• • |0)s 
h=l 

and the result follows from Lemma [8.221 □ 
Proposition 8.24. The infinite sum of operators, 

F := ^ sign(z)^ij. 

iez\{o} 

is a well-defined unbounded operator F : §p — > §p with (dense) domain T>{F) = §p°' C §p. 
Moreover for a basis vector 

s = 7>ni/i7m2/2 • • • 7mfc/fc |0)s G §P°' (m^ > for aU i) 

we have 

F(s) = 2fc • s G §P°^ 

Thus the restriction 

gpol,fc ^ gpol.A; p 



gpol,fc 



= 2k-I, 

gpol.fe 



(8.39) 
for all k G Z>o. 

Proof. First note that according to Corollarv l7.23l -Ffs) G Sp°' for each 

s = 7mi/i7m2/2 • • • Inikh |0>s ^ S"""' i'^i > for aU i), 
since the action of each Ku is the isotropy action, and that on the other hand actually only a 
finite number of actions of various Ka in this sum are nonzero, because [Kn^^rnjij] 7^ 
i = rrij OT i — Ij. For these values of i the commutator [Kn^^jn-i ] = sign(i)7m . , since we 
assumed that each nij > 0. We conclude from this the claimed eigenvalues of F and that F is 
indeed a well-defined operator on the dense subspace §p°' C Sp, thus an unbounded operator 

on s;^. □ 
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Corollary 8.25. The operator F : §p — > Sp is diagonalizable and non-negative with spectrum 
spec(i^) = 2Z>Q and kernel 

(8.40) ker(F) = C|0)s. 

In particular dimker(i^) = 1 < co. 

Proof. This follows from equation ()8.39p after we have proved that the eigenspace decomposition 
of F 

OO 

gpol ^ gpohfe 
k=0 

is an orthogonal decomposition, i.e. that 

gpol,fc gpol,/ 

when k ^ I. 

For this look at the generators 

s = 7mi!i7m2b ■ • • iTn^h |0)s G S'""'''' (mh > 0, Ih < for aU = 1 , . . . k), 

with |m/i| ,\lfi\ < N for every h, and notice that because of the sign conventions the anti- 
commutator 

{7m^i„,7m,jJ = '26m^ljl^m^ =0 (mft,mfe > 0, lh,lk<0), 

i.e. the various Clifford algebra elements in the above expression for s always anti-commute. 
In particular ^jf-^^i = {•jmhlmi} = 0. Hence we may permute the Clifford algebra generators in 
the above expression for s anyway we want as long as we keep track how the sign changes under 
these permutations. It follows that for a nonzero s as above, all pairs of indices {mh,lh) are 
pairwise distinct. Since we are interested in generating 8^°''*^ we may assume that our elements 
s are always of this form. But then by the definition of our Clifford action on §p the generator 



i.e. scalar multiple of an element of the standard orthogonal basis for Sp = J-{p^, W). It follows 
that 

gpol,/c gpol,/ 

when k I. □ 

Proposition 8.26. Consider the unbounded operators F^^) ■ §p — ^ G N) and F : 

§p — > Sp with common dense domain Sp°' C Sp. Then it holds that 

(8.41) s-lim F(N) = F. 

iV-foo 

Proof. Follows directly from Corollary 18.231 and Proposition 18.241 □ 

8.7. Operator IV — The zero operator in disguise. Once again, fix M e Z>o. For each 
e Z>o with N > M we are interested in the unbounded operator T{N) : Sp — > Sp, 



T{N) ■■=N J2 V{T{N)) = SP°\ 



\i\<N 
i#0 



and its behaviour as — > oo. 
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Lemma 8.27. Fix M e Z>o. Then as an unbounded operator S{N) : Sp 



S{N) := J2 



(N) 



V{T{N)) = SP°' 



\i\<N 



acts as zero on the subspace §p°''(*^) c §p for each N G Z>o satisfying N > M . 
Proof. Let 

s = 7miii7m.b • • •7m.iJ0)s £ SP^^'^^^^ (m, > for all i) 

be a basis vector for §p°''(^) (hence \mi\ , < M < N for all i). Again, we want to apply 
the results of Proposition 17.191 and Lemma 17.161 Proposition 17.191 tells us that the action 
of each K^^'^ is the isotropy / adjoint action and according to Lemma 17.161 the commutator 



or j = Ij, and for these values of i the commutator [Knj^jn^i^] 



^Irrijij, i-e. the opposite values. Using this result the claim follows when one changes the 
summation order and writes 



□ 



Corollary 8.28. Fix M E Z>o and let N G Z>o be any integer satisfying N > M . Then the 
unbounded operator T{N) : Sp — > Sp acts as zero when restricted to the subspace Sp°''^*^^ C 



..42) 



T{N) 



SPol,(M) 



NS[N) 



SPol,(M) 



A^-OeeO. 



We immediately conclude from this the following Proposition. 



Proposition 8.29. The unbounded operators T{N) : Sp 
V{T{N)) = §P°' satisfy the strong hmit condition 



Sp with common dense domain 



(8.43) 



s-lim r(A^) = 0. 



8.7.1. Filtrations for the invariant sectors. Recall that in ij7.3l we defined for the C-vector space 
SP°' a natural increasing filtration F, = {'fp}p>o C-vector subspaces, where Fp = FpE>P°^ — 
§poi,(p)_ xhis induces an increasing filtration G, — {Gp}^^^ on the tensor product J^p°' (g) §p°' 

by 



Gp := J-P"' 



Fp§P°' = J'P°'(g)SP°''(p). 



{Hp}^y^ by C-vector subspaces 



Taking intersections defines then an increasing filtration 
of each invariant sector (J"p°' (g) §p°1)'''^, 

(J-P°'®SP°')''^^nGp, 

which in concrete terms is given by 

i/^(J"P°' ® §p°1)1'^ = |u- e J"P°^ ® SP°^'(P) I [fiEp„) ® l] (w) = [ - 1 ® i^^^)] {w) 

for all p, (7 e Z such that pq > and \p\ , \q\ < N^. 
We collect the results obtained so far in the form of the following Lemma. 
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Lemma 8.30. Consider the Dime operator p as an unbounded operator p : ® §p)'' — > 
{J- (E) Sp)'', and similarly we consider the cut-offs ^(at) as unbounded operators ^(^r) '■ {J' <E 
gpi,,7V — ^ (J-tgjSpf).^. Then for each ip E V{P) there exists iV^ G N such that for all N > N^, 
(p G 2?(^(7v)) and 

(8.44) 4^^ = 4^^)(p = (^Ai%<E)l + l<S> ^ K^p K^^f^ - + 1 <E> F^n))v- 

ij>0 
\i\,\j\<N 

Proof First notice that since Lp e (J"p°' «) 8?°')" C J"p°' «) §p°' and since G. = {Gp}p>o 
is an increasing filtration of the tensor product J^p°' (g) §p°' there exists an integer q E Z>o 
such that (p E Gq. On the other hand, by Proposition 18.131 there exists N'^ E Z>o such that 
ip E (J'P°^ (g) SP°^)'''^ for all N > N^. Hence 

e (j-p°' ® sp^i)"^^ n - n G, - i/f 

for all iV > N^. Moreover, Proposition 18. 131 tells us that for these values of N, 

Pip = P(N)V, 

and that also fPip — Pf^-j^ whenever N > N'^. 

Next notice that by CoroUarv [8?28l [1 (g) T{N)]{H^) = for all TV > g so that in particular 
[1 g) T{N)]ip = for these values of N. Thus, we may choose — maxjg, A^^^} and apply 
equation ((5TM| . □ 

8.8. Operator II — The spinor Casimir operator of [)^. The final thing to do in our task 
of introducing a proper normal ordering for the square of the Dirac operator is to make sense 
of and analyze the behaviour of the (unbounded) operator 

|i|,|j|<A' 

acting on §p in the 'limit' N — )• oo. We call this hypothetical limit Ag^ ^.^^ the spinor Casimir 
operator of ()^. Of course since the definition contains the diverging term we would like to 
show that for every N E N the cut-off 

^Sp,rcn ■ ^i] ^'Ji 



\i\,\3\<N 



satisfies 



•45) s-lim A^^^Ln 

Equivalently, we can define the operator 



\i\-\j\<N 



for each N E N, and show that for a fixed element s E §p°', each operator Ag^'' acts as the 
constant operator 

a1^) ■s = N^-s. 
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for sufficiently large N depending on the element s chosen. The reader should compare the 
above claim with Proposition [77 



Lemma 8.31. Consider k'i^\k[^^ : §p — > §p as unbounded operators with dense domain 
§P°'. Then the following identity holds for all pairs i,j G Z with ij > 0: 

(8.46) K^Pk^P = KlPKiP+S.,x^oi^){2NK^r+N^■^, 
where x<0 is the characteristic function of the interval (— oo,0]. In particular, 

(8.47) K\pK\^\Q)n = 5,,x<a{i)N^ ■ |0)s. 

Proof. By equation (|8.30p we may express the operators K^f^ in terms of the operators K^^'' 
so that 

from which the first claim follows. 

The second claim follows from equation (|8.46p and Lemma [Y . f 61 which says that Kij\Q)s — 
for allijjEZ with ij > 0. □ 



Proposition 8.32. Fix M £ Z>o and let N G Z>o be any integer satisfying N > M. Then 
for each i,j G Z with ij > the operator K^^pK!jp acts on §p°1'(^^) c S;^ so that if 

s = 7mi;i7m2;2 • • •7mfc;jO)s (m/i > 0, Z;, < 0; \mh\ , < M for all h = l,...k) 
is a basis vector for §p°''(*^)j then 

h=l 

(8.49) + %x<o(i)A^'-s. 

Proof. By induction on the 'length' k. The case k — follows from equation (|8.47p . 

Let fc = 1 so that s ~ 7m/|0)s where to > and I < 0. Using equation (|8.47p again, one may 
write 



|0)s = <^4"^-|0)^-7wifr4"^|0)s 



= KipKP^-s~6,,X<om'-s. 

We can now make the induction hypothesis for k = n and proceed exactly as in the proof of 
Proposition 17. f 91 i.e. one looks at basis elements of the form 

s' = 7m;7mi!i7m2b ' ' ' lmkik\^h = 1ml ' s (to > 0, Z < 0, \m\ , \l\ < M) . 
Then one may write 



13 31 



and apply the induction hypothesis to the term K^^p^ KjP ■ s. □ 
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Corollary 8.33. Fix M e Z>o and let N G Z>o he any integer satisfying N > M . Then the 
operator Ag^'' acts on §p°'^(*^) so that if 

s = Irmhlm^h ■ • •7mfc/jO)s {vfih > 0, < ; \mh\ , \lh\ < M for all h = l,...k) 
is a basis vector for then 

ij-gZ h=l 
ij>0 

(8.50) + N^-s 

k 
h=l 

(8.51) + N^-s. 

Proof. The first equality follows from Proposition 18.321 by noticing that 

-1 

E S,,x<om' . 1 = ^ 1 = . i_ 

ij>0 i=~N 
\i\,\j\<N 

The second equation follows from the first one by changing the order of summation and using 
the (bi)linearity of the Lie bracket [, ]. □ 

Lemma 8.34. Fix M e Z>o and let N € Z>o he any integer satisfying N > M. For m,l € Z 

with m > 0, / < and \m\ ,\l\ < M one can write the commutator [A^\jmi\ as 

N -1 
i=l i=-N 

Proof. Using the general commutator formula 

[AB,C] = A[B,C] + [A,C]B 

and the identity 

proved earlier, one computes for ij > 

Now recall that m > 0, / < and notice that since ij > (i.e. i and j have the same sign) 
we have two cases: 

(1) i,j > 0. In this case since jl < and il < necessarily Sji, Su = while dim and Sjm 
can be equal to 1. 

(2) i, J < 0. Now Sirm Sjm = while dji and Su can be equal to 1. 
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Hence using the calculations above one has 



ij>Q ij>0 
\^\:\3\<N H\,\3\<N 

E [<^^f>7w]+ E [<^^f^7™.] 

i.j>0 i-j<0 
\i\,\j\<N \i\:\j\<N 

i.j>0 
\i\,\j\<N 

E fe^r7™+'5^/7»,^f^) 

i,3<0 
\i\,\3\<N 

N -1 



(8.53) = E{^™ '7.}- E{^r,7™J. 

i=l i=-Af 

To compute the anti-commutators appearing in (|8.53p we use the formula relating anti- 
commutators with commutators 

{A,B} = [A,B] - 2BA. 
Keeping in mind that m > and I < one computes 

{kLV,1u} = [4"\7.]+27.i^i^^ 

=0 

(8.54) = ^mi + 2juKlZ^ 
and similarly one obtains 

(8.55) {kIP^ , 7™ J = -Jml + 27mz^,f ^ • 
Inserting these into (18.531) yields 

AT -1 

^^'7^] = E(7>n/ + 27.;^iT)- E (-7™' + 27™4'^^) 

i=l i=-N 



N -1 
-N 



(8.56) = 2iV7,„z + 2 E luK7 - 2 E 7m.4 

i=l 

Finally use equation (|8.30p to obtain 

N -1 

[A^^\ 7mz] = 2iV7„, + 2 E 7.;^iT " 2 E 7«.^^f ^ " 2(7r«/i^f ^ + A^7n^/) 



i=l i=-Af 
Af -1 

;(A) 

i=l i=-A 



.57) = 2E7./^i^^-2 E 7^4 



□ 
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The following Lemma provides us with a recursive tool that we shall use in order to prove 
that Ag^-* is a constant operator on §p°'^(^^) whenever N > M. 

Lemma 8.35. Let M G Z>o and consider all integers N e Z>o such that N > M . Then the 
following identities hold. 

(1) AW|0)s = iV3|0)s. 

(2) [a^^\7™z]|0)s = so that 

A^^^™; |0)s = [a^^^ , 7™;] |0)s + iV=^7mi |0)s = iV^Tmi |0)s, 

where m,l Cz Z with jn > 0, I < and \m\ ,\l\ < M 

(3) The anti- commutator 

{ ^sf^7fc^ ,7mn| = 0, 

where k,l,m,n £ Z with fc, m > 0; l,n < and \k\ , |/| , \m\ , \n\ < M . 

Proof. (1) Is a special case of Corollarv l8.33l 

(2) Since according to Lemma, [7 .1G\ K^^f^ lO)^ — for all i^jiEl, with ij > it follows from 



Lemma 18.341 that 

Ai;',7™;]|0)s = 0. 

(3) According to Lemma [8.34l in order to compute this anti-commutator we need to compute 
the anti-commutators {7ii-^^f \ 7m„} and {-/kiKlP : Tmn } • To do tliis wc are going to 
use the general anti-commutator identity 

{AB, C} = {C, A}B - A[C, B] 

and carefully keep track of the signs of the various indices so that the various Kronecker 
deltas will become identically zero. 
Thus we obtain 



=0 

= 7»i [-ft'If \ 7mn] 



(8.58) 



and 



{iktK'l^'' , 7™„} = {7mn, lki\K'l" ' - ^ki [imn, K^" '] 



Simlalkm 



(N) 



;(Ar)l 



= 2(5„j,; 5nk^ + Jki [Kli'' ' , 7,„„ 

=0 

= 7A;i( ^Im lin — Sinjml^ 



(N) 



(8.59) 
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Hence inserting (|8.58p and ()8.59p into the expression given by Lemma 18.341 yields 



N -1 
i„| = 2 ^ l5im7ii7fe„ + 2 ^ Sinlkilml 
i=l i=-N 

= '2{'-f,nl^kn + Jknjml) 
= 2{7„j;,7fc„} 

(8.60) = 2 6^h^ = 0, 

=0 =0 

as claimed. 

□ 

Corollary 8.36. Fix an integer M G Z>o and let N e Z>o be any integer satisfying N > M . 
Then the restriction of the operator 



to the subspace §p°''(*^) is the constant operator Ag^'' 
Proof. Let 



= ■ id. 

Spol,(M) 



s = 7miii7m2i2 • • ■ lm,i, |0)s G SP°''(*^) (to^ > 0, < for all = 1 , . . . fc), 

with \mh\ , < Af for every /i, be a basis vector. 

Then using first CoroUarv 18.331 and after that part (3) of Lemma [8 . 35 1 one obtains 

fe 

h=l 

+ -s 

k 
h=l 

(8.61) + N^-s. 

The result follows now from part (2) of Lemma [8.351 which tells us that 

[Ar\7™.;J|0)s = 0. 



□ 



Corollary 8.37. Fix an integer M G Z>o and let N G Z>o be any integer satisfying N > M . 
Then the restriction of the unbounded operator 



with dense domain T>{A^\^^^) = SP°^ to the subspace is the zero operator Ag^^ 

0. 



SPol,(M) 



Corollary 8.38. The strong limit 

Hence taking into account Lemma 18.301 we have come up with the following proposition. 



5-1™ aW_ = o. 

iV— J-oo P ' 
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Proposition 8.39. Consider the Dirac operator ^ as an unbounded operator ^ : (J^(X)Sp)'' — > 
and similarly consider the cut-offs ^(^v) as unbounded operators ^(jv) : (J-"®§p)'''^ — > 
(J"(8)§P'''^. Then for each ip e V{p) there exists iV^ G N such that for ah N > N^, tp e V{^(^n)) 
and 

(8.62) 4^(^ = 4^^)./. = (A^^LfJ^l + l^Ffw))./^. 

8.9. The strong limit oo of 0^j^y Using the methods of Appendix C, one sees that the 

unbounded operators Ag^cn ■ J' — > J' have a well-defined strong limit Ag : J- — > J- with 
dense domain X'(Ag) = V{A[%,) = J'p°\ 

ijGZ\{o} ijez\{o} iez\{o} 

and 

(8.63) s-lim A(^L = Ab. 

Similarly, we saw in section ij8.6l that the operators F( ■ — > §p have a well defined 
strong limit as — ^ oo, 

(8.64) s-hm Fr^) = F. 

N^oc 

This, combining equations (|8.63p and (|8.64p with Proposition 18 .391 yields the following theorem. 

Theorem 8.40. When restricted to the i)-invariant sector, the square of the Dirac operator 
p: (J"®§p1 — > (J"(^Sp'' satisfies 

(8.65) 4^ = Ag ® 1 -f 1 F. 
Proof. We have seen that for sufficiently large N 

(8.66) Afip = 4^^)(^ ^ (a^^L «) 1 + 1 ® = (Ag (g) 1 + 1 ® F)<y9 

for all If £ {F ^ §p)''i i-e. the variable N drops off! □ 

We have seen in Appendix C and section ij8.6l how to diagonalize and compute the kernels 
of the operators Ag : Fq — > Fo and F : §p — > §p, respectively. However, as we mentioned in 
the Introduction, this method of diagonalization doesn't work directly on the invariant sector 
(J-"(8i§p)'' is not closed with respect to the various commutator operations one needs to apply in 
order to produce the diagonalization wanted. This motivates us to define the auxiliary operator 

-.Fa^S"^ — ^J'o'^Sp, T^. Ag®l + l(g)F 

defined on the whole tensor product Hilbert space with dense domain 2?(T^2) = -^o°' ® Sp°'. 
Clearly then the operator descends to a (well-defined) unbounded operator 



with dense domain V{T^J ^ {F^°^ SP°')^ that satisfies 
(8.67) 
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9. Functional analytic properties of the Dirac operator on Grrcs 

9.1. Diagonalization of First in order to get started we need to recall that the inner prod- 
uct (•, of the tensor product of two Hilbert spaces (or inner product spaces) ("Hi, (•, •)!) 
and ("^2, (•, •)2) becomes determined by the formula 

(9.1) {tpl <E)tp2,(pi <E)(P2)-Hi(g,-H2 = (V'l,<^l)l(V'2,<y52)2- 

We know by Proposition 18.191 that Ag : J^q — > is diagonalizable with (non-negative) 
spectrum equal to 2Z>o. Similarly by CoroUarv IS . 25l the operator F : Sp — > Sp is diagonalizable 
with (non-negative) spectrum also equal to 2Z>o. It follows then that the operator T^p — 
Ag ®l-\-l®F, introduced in the previous section, is also diagonalizable on the tensor product 
Indeed we had the orthogonal eigenspace decompositions 

oo 

•^0°' ~ J^q"''*^ (algebraic direct sum) 

and 

oo 

§P°' = SP"'''' (algebraic direct sum) , 

A:=0 

and the claim follows now from the following isomorphism (between inner product spaces) 

oo oo oo 

J-P°' ® §P°' = ( (g) ( SP°'''=) - ( J-P°''*' ® §P°''^) . 

M=0 A;=0 J\/,fc=0 

Moreover, we see from this that the eigenvalue of on the (M, fc)-eigenspace J^g °''*^ ® §p°'''^, 
where M, fc > is equal to 2{M + k) and by looking at equation (|9.ip one sees that the above 
direct sum of (Af , fc)-eigenspaces is an orthogonal decomposition. Thus the operator 

is diagonalizable non-negative and its spectrum is equal to 

spec(r^) = 2Z>o. 

Next, consider the restriction 



Ti, = T; 



Write now as above 



OO if^ 

(j-oP°'®§P°')" ^ (j-P°''*^ ® §P°''^- 

M,k=Q 



and notice that since 



one thinks that the operator has a constant value 2(M -f fc) when it hits this subspace; 

however in order for this to be possible of course we also need to require that ^ 
0! 

Thus it follows from the above that the operator is also diagonalizable, non-negative and 
its spectrum satisfies 

spec(r^) C 2Z>o. 
We are now able to deduce from Theorem 18.401 the following. 
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Proposition 9.1. The square ^ : {Tq (8) Sp)'' — > {Tq (E) Sp)*^ of the Dirac operator is diago- 
nalizable, non-negative and its spectrum satisfies 

(9.2) spec(^) c iz>o. 

Proposition 9.2. The square : (Jx)'8)Sp)'' — > (Jx)'8)Sp)'^ of the Dirac operator is symmetric. 

Proof. Tins follows from the existence of the orthogonal decomposition of (Jx)'8)§p)'' into {M, k)- 
eigenspaces of = Aijp . Namely, if we have v living in the (Af , fc)-eigenspace and w in the 
(TV, Z)-eigenspace with the pair (M, k) ^ {N, I) then because the orthogonality 

{fv, w) ^ ^{M + k) ■ {v,w) ^ ^ ^{N + I) ■ {v, w) = {v, fw), 

and if v, w are both in the (M, fc)-eigenspace then 

{0^v, w) = + k) ■ {v, w) = {v, 0^w). 

Thus we conclude that 

(^u, w) — {v,0^w) 

for aU u,^; G (J'P°'®§P°i)'' =2?(^). □ 

Corollary 9.3. The square ^ : {Tq Sp)*^ — > {J-q ® Sp)'' of the Dirac operator is essentially 
self-adjoint. 

Proof. Follows from the previous two Propositions and Proposition lA. 51 □ 
9.2. Kernel of 0^. After having the explicit diagonalization of 0^ into orthogonal eigenspaces 

M,k=0 

where however some of the (M, fc)-eigenspaces appearing as summands 

might be empty, it is now easy to find out what the kernel of the operator 0^ is. Recall that if 
non-empty then the square 0^ obtains the eigenvalue ^{M + k) on the (M, fc)-eigenspace. Since 
M, k e Z>o, necessarily 

ker(^) = (j-P°'^° ® SP°''") " 

and we want to be able to say concretely what this space is. Recalling the definitions, clearly 
§poi,o ^ c|o)g and we saw in the proof of Proposition [CTO] that J"P°''° = C|0)^. Hence 

ker(^) = (c|0)^(»|0)s)''=C|0) 

by Remark 1 8. 21 since dim(C|0)jr (8i |0)s)'' < 1 and on the other hand we know by the mentioned 
Remark that 

io) = io)^® io)se (J■oP°''•'0§p°''°)^ 

Thus we have proved the following. 
Proposition 9.4. The kernel of the square ^ : (J"o ^ Sp)'' — > (-^o Sp)'' is given by 

ker(^) =C|0). 

In particular dimker(^) = 1 < oo. 
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In order to compute the kernel of the actual Dirac operator itself, first notice that obviously 
ker(^) C kcr(^) so that ker(^) C C|0). On the other hand by Proposition [63]C|0) C kcr(^) so 
that 

(9.3) ker(^) =ker(^) = C|0). 

Now recalling from Proposition 18.61 that <j) is symmetric we have culminated in: 

Theorem 9.5. The Dirac operator ^ : ( J'o «> §p ) — ^ (J"o «> Sp)'' on Gr^os is an (unbounded) 
symmetric operator with finite dimensional kernel given by ker(^) = C|0). The square 
is a diagonalizable, essentially self-adjoint (positive) operator with finite dimensional kernel 
ker(^) =C|0). 

Appendix A. Quick reminder on self-adjoint operators 

By an (unbounded) operator T from a complex Hilbert space H to complex Hilbert space 
K. we mean a linear mapping T defined on a dense subspace T>{T) C Ji having values in K.. 
In particular, when we say that "T is an operator on "H" we do not mean to imply that Tx is 
defined for all x G H nor that T is bounded. 

We say that T is an extension of S if V{S) C V(T) and Tx = Sx for ah x € V{S). We shall 
write S d T to indicate that T is an extension of S. 

A.l. Adjoint operators. Let T : H — > K, be an operator. Define the set 

V{T*) := {y e IC \ X ^ {Tx, y) is a bounded linear funtional on V{T)} . 

Since we assume that T>{T) is dense in T-L, the function x i— >■ {Tx,y) extends to a bounded 
linear functional on the entire T-L, so by the Riesz representation theorem, there exists a unique 
X* = T*y e n such that 

{Tx,y) = {x,T*y). 

By the uniqueness assertion T* is a linear operator with domain T>{T*), and is called the adjoint 
of T. 

Definition A.l. An operator T : H — ^ "H is self-adjoint if V{T*) = V{T) and {Tx,y) = 
{x,Ty) for all x G V{T) and all y G V{T*). 

Definition A. 2. An operator T : T-L — > Ti is symmetric (or formally self-adjoint) if it satisfies 
{Tx, y) = {x, Ty) for aU x, y G V{T). 

Please note that because of the dependence on the domain, there is a difference between a 
symmetric and a self-adjoint operator. Clearly every self-adjoint operator is symmetric but the 
opposite doesn't have to hold. 

Proposition A. 3. Let T be a (densely defined) operator. Then T is symmetric <^=> T C 
T* {Tx, x) e M for aU x G V{T). 

Definition A. 4. We say that an operator T : Ti — > Ti is diagonalizable (or discrete) if there 
exists an orthonormal basis {cj \ j — 1,2, . . for Ti and a set {\j | j = 1, 2, . . .} in C such that 

oo 

Tu = Xj {u, ej)ej. 
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If a symmetric operator T is diagonalizable one can extend its original domain I?(T) C 'D{T*) 
to the domain 



V{T) ■.= {u&u\Y, |A,f \{u,ej)f < oo}. 

by 



OO 



Tu = ^Xj{u,ej)ej. 



Then one can show that T = T* . This impHes the following proposition: 

Proposition A. 5. A symmetric and diagonalizable (unbounded) linear operator T : H — > H 
is essentially self-adjoint, i.e. it can be extended to a self-adjoint operator. 

A. 2. Strong convergence. 

Definition A. 6. A sequence of (densely-defined) operators T„ : H — > H is said to converge 
strongly to T ■.H — > %, 

s-lim Tn = T : T„^ ^ T<fi for all (p e V{T) C V{Tn) 

n— )-oo 

(A.l) <^ liml|T„(^-T(^||^ = 0, 

where ||-||^ denotes the norm on % induced by the Hilbert space inner product {■,-)hj i-e. 
A. 3. Analytic vectors. 

Definition A.7. Let T be an operator on a Hilbert space H. The set C~(T) := (^^=1 2^(1'") 
is called the C°° -vectors for T. A vector y> e C°°{T) is called analytic vector for T if 



n! 

71=0 

for some t > 0. 




Definition A. 8. Suppose T is symmetric. For each smooth vector e C°°{T) define 

N = 1,2,..., (qi, . . . , ajv) arbitrary^ , 

where {ai, ... ,aN) denotes a (finite) sequence of complex numbers. Let := be the 

closure of in "H and define : — > by T^iJ2n=o Q^"'^"'/') = J2n=o oinT'^^^(p. Then 
the smooth vector is called a vector of uniqueness if is essentially self-adjoint on (as 
an operator on H^). 

Definition A. 9. A subset S C H is called total if the set of all finite linear combinations of 
elements of S is dense in H. 

Theorem A. 10 (Nelson's analytic vector theorem). Let T be a symmetric operator on a Hilbert 
space %. IfDiT) contains a total set of analytic vectors, then T is essentially self-adjoint. 

Corollary A. 11. Suppose thai T is a symmetric operator and let V be a dense linear set 
contained in ViT). Then if V contains a dense set of analytic vectors and if V is invariant 
under T, then T is essentially self-adjoint. 
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Appendix B. Highest weight representations of gl^ 

B.l. The fundamental representations. Following [KacRaj and [Neebj the Lie algebra gl;^ 
is defined by 

Qlryo — {(cfjjOijez I CLij G C, all but a finite number of the Uij are zero} 

with the Lie algebra bracket being the ordinary matrix commutator. 

Let Eij denote the matrix with 1 as the (i,j) entry and all other entries 0. Then the 
Eij S Z) form a basis for qI^ and the commutation relations of gl^ can be expressed as 
the commutation relations 

[Eij ^ Erri'fi] — ^jniEiji 5jiiEraj • 

Let t C gloo be the subalgebra of diagonal matrices considered as a Cartan subalgebra of 
and define Sj E t* by 

ej{disigiau)) := ajj. 
Then the set of roots of g := gtoo with respect to t is given by 

$ = $(gtoo, «) — {£^ - £i U ^ hJ e , where g^.-e, = CE,j. 
For the set of positive roots we may choose (' [Neebj . Proposition II. 1, p. 185) 

$+ := {si -ej\i< j} . 
It is then clear that the Lie algebra qI^ admits a Cartan decomposition 

where 

g-i_ = 0Q = { dijEij \ i < j} (upper triangular matrices) 

aG<I>+ finite 

{ = { ^ auEii} (diagonal matrices) 

finite 

g_ = Qa — { o,ijEij \ i > (lower triangular matrices). 

Q^<J»^ finite 

Definition B.l ( [KacRaj ). Given a collection of complex numbers A = {A^ | i e Z}, called 
a highest weight, we define the irreducible highest weight representation Tlx of the Lie algebra 
glf^ as an irreducible representation on a vector space L{X) which admits a non-zero vector 
v\ S i(A), called highest weight vector, such that 

(1) ttx{q+)vx = 0, 

(2) 7rx{Eu)v\ XiVx. 

Next we let m G Z and consider irreducible unitary highest weight representations of qI^ 
with highest weight 

i^m = {(Ai)igz I Ai = 1 for i < m, Ai for i > m} , 

called the fundamental representations. 

The fundamental representations of gl^^ can be realized in the charge m-sectors of fermionic 
Fock spaces, : qI^ — > End(J>„). More precisely, let {wk}f.^^ be a basis of a separable 
polarized complex Hilbert space H — %+ ® %- obtained as a union of an orthonormal basis 
{uk} of "H^ and an orthonormal basis of "H-. Then the fundamental representation 

"Tra : flioo — ^ End(j:,„) is given by 

By definition it satisfies 
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(1) U{gl^)'ilJrn is dense in J"™; 

(2) rm{Q+)ipm = 0; 

(3) rmiEii)i>m = >^ii>m, whcrc 



A,; = 



1 if i < m 
if i > m 



and where the highest weight vector Vi^^^ = ipm G J'm is given in this concrete reahzation by 
(see [Otte) p. 154) 

{Wm-i A • • • A wi A for m > 

W-i A W-2 A • • • A Wm for m < 
|0) for m = 0. 

B.2. Taking tensor products. The tensor product of two irreducible unitary highest weight 
representations with highest weight vectors v\ and , respectively, gives an irreducible unitary 
highest weight representation in the highest component of the tensor product of the represen- 
tation spaces, i.e. in the vector space generated by the highest weight vector v\ ^ Vf^. 

Thus, by the above we may construct irreducible unitary highest weight representations tt\ 
of gl^ in a vector space L{X) with highest weight 



and highest weight vector 
where 



A = fci • UJ,ni + \- kn • U)m„ 



V'mJ' := i'ra,®---® tpra, times) 

and J = 1, . . . n, fci, . . . fc„ S N, mi, . . . nin G Z and n G N. 

B.3. Extensions to a.oo and aoo- Every fundamental representation r„i of qI^ can be extended 
to a representation f„, on the of the larger Lie algebra Ooo 3 glco, 

o-oo := {{o-i]) I «, j G Z,ay = for \i - j\ > 0} , 

again equipped with the Lie bracket coming from the matrix commutator, by defining 

(B.l) fjn{Eij) = r,n{E^j) if i 7^ j or i = j > 0, 

(B.2) f^Eu) = r,r,{Eu)-I if i < 0. 

It is easy to see that f„i maps J>„ into itself and it follows from the properties of listed 
above that 

(1) U {0.00)^^-01 is dense in Fm] 

(2) f„(0+)V'm = Oj 

(3) fm{Eti)'4>m = \tpm, whcrc 

(I if < i < m - 1 (m > 0) 
(B.3) A, = < -1 if m < i < (m < 0) 

[ otherwise. 

Next we define the Lie algebra 
with Cc in the center and bracket 

[a, b] — ab~ba + s{a, b)c, 
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where s(-, •) is the two-cocyle defined by 

s{E,j,Eji) = -a{Eji,Eij) = 1, ifi<0,j>0, 
(B.4) s{Eij,Emn) = in all other cases. 

Extending fm from cioo to Ooo by f(c) = 1, we obtain a level 1 unitary irreducible linear 
representation of the Lie algebra aoo in (i-e. such that the central element c acts by 
multiplication by 1). 

We denote by uim = the induced weights of a^o obtained from the fundamental 

weights cOm of gl^ as described above. Just as before with qI^ we are able to construct unitary 
irreducible representations L(A) of Ooo, where 

A = fci • Urni + ■ ■ ■ + kn ■ Wm„ 

with fci, . . . , fc„ e N and mi, . . . m„ G Z. Since these are obtained by a tensor product construc- 
tion, the representation L{X) has level i = ^i- 

Appendix C. Normal ordered Casimir operator for acting on J" 

C.l. Introducing cut-offs. The naive second order Casimir element for the infinite-dimensional 
Lie algebra Ooo is given by the infinite sum 

^naive ^ ^ ^ij^ji 

Unfortunately, this sum diverges in general and to make sense of it when acting on a highest 
weight representation of Ooo (e.g. the charge fc-sectors Tk C oi a fermionic Fock space 
J" = T one has to introduce a proper normal ordering prescription. 
We start with the cut-off 



A^^^ := y Ei.E. 

naive / j -^^J-^J 



and write it as 



\i\,\j\<N 



A^^) = V EiiEii + V EiiE^i + V E^. 

naive / j 3^ ' / y ^^3 3^ ' / y ll 

\i\,\3\<N \i\,\3\<N \i\<N 

= XI ^i3^3i + X ^i3^3i + X 

i.jez j.jez iGZ 

3<i 3>i \i\<N 

\i\,\3\<N \i\,\3\<N 

We may " invert" the order of the product in the second sum by using the commutation relations 

[Eij,Ekt] = SjkEii — SiiEkj + s{Eij,Eki) 
and then move some of the terms inside the first sum. This way one obtains 

Aiaile = 2 X E {Eu-Ejj)+J2eI+ J2 <E,j,Ej,). 

ijez j,jez iez ijsz 

j<i i<3 i<j,ij<0 

\i\,\3\<N \i\,\3\<N \i\,\3\<N 
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Noticing that the condition (z < j and ij < 0) is equivalent to the condition {i < and j > 0) 
the above expression becomes 

Aiaile = 2 Yl ^i^^^i + E (^» - ^n) + E + E 

j<i i<j \i\<N i<j,ij<0 

\i\,\j\<N \i\,\j\<N \i\,\j\<N 

Igiioiiiig the diverging term N'^ = J2ij<o i<j ^ ^ above expression for A^^j^^ one naturally 
comes up with the following definition. 

Definition C.l. Let N G N and define the N^^ cut-off normal ordered Casimir operator for 
aoo by 

AW:=2 Y1 E {Eu-Ejj)+Y, El 

\i\,\j\<N \i\,\j\<N 

Lemma C.2. One may write 

(C.l) A(^) = 2 EijEji + Y Eu{Eu - 2i). 

j<i |i|<-'V 
\i\M\<N 

Proof. Let 

S := Y, i^ii - Ejj) = Y (Eii - Ejj) 

i<j -N<i<N-l 
|i|,|j|<JV -JV+l<j<JV 



and for a fixed i e Z set 



so that 



S(i):= J2 (Eu-E,,) 

i<j<N 



N-1 



i=-N 



Next write each S{i) in the form 

S{i)= Eu- Y Ejj = iN-i)Eu- Y Ejj = {N-i)Eu-T{i), 

jez jez jez 

i<j<N i<j<N i<j<N 

where 

^(*) E Ejj = Y Ejj +Enn 

jez jez 

i<j<N i<j<N-l 
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Thus 



N-1 N-1 



S = ^{N- k)Ekk -EE 

k=-N i=-JV jGZ 

i<j<N 

N-1 N-1 N-1 N-1 N-1 

= ^{N- k)Ekk - E ^(^) = E - - E ^i(^) - E 



k=-N i=-N k=-N i=-N i=-N 



Ti 

N-1 

(C.2) = E - '''>^kk -Ti- 2NEnn 

k=-N 

The term Ekk {—N < k < N — 1) occurs in Ti{i) iff i < and then it occurs exactly once. 
Hence for a fixed k as above, the term Ekk occurs in Ti for 

#{i€Z\i€ [-N, k - 1] cm} = k + N 

times. We conclude by combining terms that 

N-1 N-1 

S = k)Ekk -{k + N)Ekk) - 2NEnn = "2 E ^^'^'^ " ^^^^^viv 

-N k=-N 
N 

(C.3) = -2 E 

k=-N 

from which the result follows. □ 
C.2. Going to the limit. The above computations motivate us to set the following definition. 
Definition C.3. Define the normal ordered Casimir operator for by 
(C.4) A := 2 E E^JE,, + E EuiE^ - 2i). 

Our next task is to show that A is well-behaved when realized in highest weight representa- 
tions f : ttoo — > EndL(A), where A = LOm with m € Z. More precisely, let f be as above and 
let 

A, := 2 E r{Eij)r{Eji) + Y,r{Eu){f{Eii) - 2i) 

j<i 

be a formal simi of operators acting on L{X). We need to show that ii v £ L{X) then AfV is a 
well-defined element of L{X). 

Lemma C.4. Let X = so that we are looking at the fundamental representation f = fm '■ 
Qoo — > End(J'm) and let tpm € J^m be the corresponding highest weight vector given explicitly 
in Appendix B. Then 



^fi>m = -m{m - 2)tpm = 1 - (to - 1)^ 

In particular, 

^fi^m = ^^=^ m = 0, 2 

and 

Aflpm e Ij+I/Jm TO = 1. 



V'm- 
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Proof. Recalling that frn{Q+)'ipm — 0, the claim follows directly from equation (|B.3P by simple 
computations using the well-known formula 

n(n + 1) 

l + 2 + ---+n^--^ L 

□ 

Next we want to analyze the commutators [A,-., f (£",„„)] for the elements G Ooo- 

Lemma C.5. Fix an integer M e Z>o and consider all integers N G Z>o satisfying N > M . 
Then for all m,n G Z with \m\ , \n\ < M 

,,,, - { r*""'^"" f,!™"' 

Proof. Obviously, it is enough to prove only the case where M = N and N obtains all values 
in Z>o. Recall that for iV e N 

naive / J 

H\,\l\<N 

which implies we can compute the above commutators using the naive version of the Casimir 
operator: 

\ Ernn] — [^naivc ' "^"^^] — ^ ^ FJijEjijErnn — ^ ^ [-^zj-^j'i i -^mn] ; 

ij'eZ i.jGZ 
H\,\j\<N \i\.\j\<N 

where we have assumed \m\ , \n\ < N. 

To simplify computations that follow we are going to make use of the finite-dimensional Lie 
algebra gl2N+i{'^) ^^nd realize it as a set consisting of all (27V -f 1) x (2iV+ 1) complex matrices 
with row and column indices going from —TV to iV. Let denote the matrix with 1 as the 
entry and all other entries 0. Then the (i,j G Z) form a basis for 0((2Ar+i)(C) and the 
commutation relations of 0t(2Ar+i)(C) can be expressed as the commutation relations 

i.e. these are the same as the commutation relations defining Ooo except that we don't have the 
two-cocycle s(-, •) appearing. Then it is known that the Casimir invariant of 0[2Ar+i(C) may be 
given as 



ij'ez 

\i\,\j\<N 



and that 

for all the basis elements G Qi2N+i{'^)- 

Going back to the original situation, recall first the abstract commutator formula 

[AB, C] = [AC, B] + A[B, C] 

to obtain 

\ EjYi^ji^ — ^ ^ \Eij , Ejyirf^E -\- ^ ^ Eij\^Eji, Ejyij^ 
i.jez i,jez 

\iU3\<N \i\,\3\<N 
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and 



H\,\3\<N m,U\<N 

from which we conclude that 

\i\,\j\<N \i\,\j\<N 

Since 

- sign(i)(5i„(5j>„ if ij < 0, 



otherwise. 



we have arrived at the identity 

[A '^^^ = - ^ sign{{)5inS.jjnEji - ^ sign(j)(5j„(5.„„£:ij. 

ij<0 ij<0 
H\.\j\<N \i\,\j\<N 

To analyze this we make a case study. 

(1) The case mn — 0. Since ij < one sees by looking at the possible values of the various 
Kronecker's delta functions appearing above that necessarliy [A''^\Emn] = 0. 

(2) The case mn > 0. Now m and n are nonzero and are either both positive or both 
negative, and i and j are nonzero integers with opposite signs. Thus both conditions 
Sin = 1 and 6jm — 1 are never valid at the same time implying their product must 
always be zero. Similarly one sees that SjnSim = so that [A^-^\ Emn] = in this case, 
too. 

(3) The case mn < 0. Now it is always possible to have SinSjm = 1 and SjnSim = 1 yielding 

[A^'^\E,nn] = -sign(n)£;„„ - sign(7i)£;„j„ = 2 sign(m)£;,„„. 

□ 

Corollary C.6. For each i,j G Z, the limit [A, Emn] is a well-defined operator in each charge 
q-sector (g € Z) of the fermionic Fock space J- . In fact, for each pair of integers i,j G Z, 
there exists an integer Nij G Z>o such that 



(C.6) [A,i?„-] = [AW,i?„-] = | 



2 sign(TO)i?„i„ ifmn<0, 
otherwise. 



for all N > Nij. In particular, one finds that for each fc G Z, fc < 0. 

(C.7) [A,i?..+.] = ( f-'^'^ ^fO<^<-k, 

^ ' ' ^ [ otherwise. 

Proof. Let M = max{|m| , |n|}. Then it is easy to see from the explicit commutation relations 
of Ooo that [Eij,Emn] = = [Eji,Ejnn] whenever |z| > M or |j| > Af. Thus, the commutator 
in question is actually a finite sum of operators, 

[A, £;„„] = [A(*^), 

and therefore well-defined with value given by the Lemma IC. 51 The same Lemma also tells us 
that [A^^\Emn] = [A'^^\Emn] whenever N > M. Thus, we may choose 7V,j = M. □ 
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Next, recall from [Ottej §4.4. that the operators 
satisfying 

(C.8) [s„,Sfe] = nSn,-k ■ I- 

give a representation of the Heisenberg Lie algebra in each charge g-sector Tq G Z). Moreover, 
the vectors of the form 

(C.9) s-ki • . . . • s-.k„ipq, where fci > • • • > /c„ > 

yield a basis for Tq. It follows then from equation (jC.7|) that for an integer fc < 

(CIO) [A,sfe] =^[A,i?,,,+fc] =2^ 

which is a finite sum of well-defined operators acting on each Tq {q € Z), and is thus well- 
defined. 

Proposition C.7. The normally ordered Casimir invariant A of Qoo gives a well-defined (un- 
bounded) operator when realized in the fundamental representations f — fq : Oco — > End(J'-q). 
The operator Af has a dense domain 2?(Af ) = 

Proof. It is enough to show that A operates well on the basis vectors 
(C.ll) w — s^ki ■ ■ ■ ■ s-k^ijjq, where /ci > • • • > fc„ > 

of which is clearly dense in J-q. This can be proved by induction with respect to the 

length Length(w) :— n, where the value n — corresponds to the vacuum vector ijjq. 

By Lemma IC.4I we know that the statement is true for n = 0. We make the inductive 
assumption that A is well-defined on all basis vectors (jC.lip with Length(u') < n E N. Let 
then 

w' = s^ki ■ ■ ■ ■ ■ s^k„s-k^„^i-,i^q, where fci > • • • > fc„ > 
be a basis vector of length n -I- 1. Using the algebraic identity AB = BA + [A, B] one may write 

Aw' = S_feiAs_fe2 • . . . • S_fc„S_fc(^_^^)Vq + [A,S_fcJs„fe2 • . . . • S_fc„S_fc(^^jjVq- 

The second summand here is well-defined since we noticed that for negative fc G Z the operator 
[A, Sfe] makes sense in and the first summand is well-defined by our induction assumption. 

□ 

C.3. Finding eigenvalues. Next we consider f : Ooo — > End(I/A) as a projective highest 
weight representation of via restriction. If we denote by vx G L{X) the corresponding 
highest weight vector, then we know that the set 

i(A)poi r{U{5^oo))vx C L{\) 

is dense in L{X). 

By the Poincare-Birkhoff-Witt theorem any ordered monomial in U{q\^) can be written as 
a finite product of the form 

n X{ n ^-n"' r,3^SM,Pmnen, 
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I.e. 



= n n ^s.'' n ^^^^ ^^^^ ^ 



It follows from this and the definition of a highest weight representation that any element of 
L(A)poi can be written as a linear combination of vectors of the form 



( n ^irh^ 



i>j 

with only finitely many terms r.y ^ 0, i.e. L(A)poi is generated by all finite C-linear combinations 
of elements of the form U{g-)vx. 

Proposition C.8. Let f = fm '■ floo — > End(J>„) be the m-th fundamental representations 
(m € Z) of Qoo. The operator Af : Fm — > J'm has a dense domain 2?(Af ) = T"^^ — U{g-)tpm 
and if 

(C.12) w = E,,j, ■ ■ ■ £;.„j„ e J-P°' {ik > Jk for all fc = 1, . . . n) 

with the different Ei.j^^s in this expression not necessarily distinct then the image vector 

AfW = 2Num(w) + 1 - (to - 1)^ 

where Num denotes the number 

Num(w) := # {those Ei^j^ in (|C.12p with u, > and jk < 0} . 

Proof. We first look at the cut-off A^^) for iV G N such that N > \m\ so that the result of 
Lemma [0.41 applies as well to A^^^. Moreover, we assume that all indices i,j in the expression 

(C.13) ^ = n ^5'^™ 

i>j 

satisfy \i\ , \j\ < M, where M £ Z>o is a fixed integer satisfying M < N. Notice that the set 

6(*^) := g-n{E,j\i,j eZ.ij <0,\t\,\j\<M} 

= {E,j I i,jeZ,i>j, ij<0, \t\Aj\<M} 

= {E,,\i>0,j<0,\i\,\]\<M} 

so that according to Lemma IC.5I for the Eij 's appearing in equation (|C.13p it holds that 

. (AT) _ r 2sign(z)f(i?,,) ifi?,, eeW, 

i^r ,n^vn - \ otherwise 

2f{E^j) ifi>Oandj<0, 
otherwise. 



Thus, if E^^j^ appears in (|C.13|) . and n e N with n > 0, we write A^^-* = [A''/'\ Ei^j^] 

ite w in the form 

W = Ei^j^ ■ ■ ■ Ei^j^lpm 



Eii^j^, A^^'' and if furthermore we write w in the form 



then 



{2w + E,,j, ■ ■ ■ E,,^, Af ) • • • E^^j^ if « > and j < 0, 
1 • • • E^^Jk^i'^^E,^+ljk+l ■ ■ ■ Er^j^i^ni Otherwise. 
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It follows then by induction that 

Af^'w = 2Nuni(u;) + E,^^^ ■ ■ ■ i;,„j„ Af V™- 

Lemma [0.41 then gives 

Ai'^^w = [2Num(w) + 1 - (m - lf]w. 

Noticing that in our situation at hand A^^^'w = AfW, and taking into account Corollary 
IC.6[ one sees that for sufRciently large N, we are allowed to replace A^^'' with Af in the 
above computations. The claim then follows by noticing that each vector w of the form (jC.12l) 
necessarily belongs to some 

Corollary C.9. Let m, M e Z with M > and let T^^'^' C J"p,°' he the subspace of T^^^ 
generated by all finite linear combinations of elements w of the form IIC.12\) with Num(w) = M . 
Then 

Af = \2M + 1 - (to - 1)^ 

Clearly we have 

oo 

JT' = E '''' (algebraic sum), 
and taking into account Corollarv lC.9[ one sees that this sum is actually direct, 

oo 

J-P"' = -^r^'*^ (algebraic direct sum). 
Next we are going to look at more carefully the case m = 0. Then according to Corollary 



• id^pol,A7 



(C.14) A 



ro 



2M ■ id 



pol,J\f 



T-.pOi,JVJ 

Proposition C.IO (Diagonalization of Afg). On Tq°^ the operator Afg is besides diagonaliz- 
able it is also non-negative with kernel equal to 

(C.15) ker(A,J = J-P°''° = C|0)^. 

In particular, dimker(Afi,-|) = 1 < oo. 

Proof. By Corollary IC.9I the only thing left to do is to show that in the case of JTq the direct 
sum decomposition 

CO 

-^0°' = J"q°''*^ (algebraic direct sum) 
is an orthogonal decomposition^ i.e. that 

•r-pol,M I -j^pol.N 

when M ^ N. 

Now the first thing to notice is that the Poincare-Birkhoff-Witt argument given right below 
Lemma IC.5I can be taken one step further in the case of J-q since we know that Eij\0)jr — 
unless i > and j < 0. Namely, we express g_ as a direct sum of { finite "^u-^y I '^v G C, i > 
j, ij < 0} and its complement in g_ . After this we run through the same argument used before 
to conclude that J-'q °' is generated by all finite C-linear combinations of the vectors of the form 



i>Oj<0 
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where only finite number of tlie 's are different from 0. 

In particular, we may always assume that i ^ j in the above expression so that 

f(£;,,) = r(i?,,)=^*^, (*>0,j <0). 

Moreover, notice that the anti-commutator {ip* , ipj} — 5ij — when i and j have different signs. 
It follows from this and the other anti-commutations relations of the CAR algebra 2t(H,H+), 
namely that all the other defining anti-commutation relations are zero, that we may write the 
element 

(C.16) w = E,,j,---E,^jJ{))^ (ife>0,jfc<Oforallfc = l,...n) 

in the form 

(C.17) w^±r^,■■■r^J3^■■■^JMT > 0, jfc < for aU fc = 1, . . . «), 

i.e. modulo sign an element of the standard orthonormal basis of J- . Also notice that since in 

2{r^? ={r^.r^)^^ and 2^2^{V'„V»} = 

all of the indices ii, . . . ,i„ and ji, . . .j„ in (jC.16p are pairwise distinct for nonzero w. Also 
notice that if w 7^ we have 

Num(u)) — n £ Z>o, 

i.e essentially the 'length' of w when measured as the number of 7/;^^. 's (resp. ^jj*^ 's) appearing 
in the expression (IC.17[) . and the space J^p°1'" is generated by all finite C- linear combinations 
of the standard orthonormal basis vectors of F of the form (jC.17[) with the + sign and all the 
indices being pairwise distinct. Clearly then 

if M ^ N. It also follows from this that = C|0)^. □ 

Proposition C.ll. The unbounded operators /S.f^, : Tq — > J-q with common dense 
domain J^q °' satisfy the strong limit condition 

(C.18) 5-lim A(^) = A,„. 

Proof. Let J"P°''(''^^ denote the C-subvector space of consisting of all finite C- linear com- 
binations of those basis vectors 

(C.19) w = £;,,j, • • • S,„jjO)^ (ife>0,jfe<OforallA:^l,...n) 

of Tq°^ satisfying \ik \ ,\jk\ < M for all fc = 1, . . . n (we interpret the case n = to mean the 
vacuum vector |0)jf, which is included in this subset). Of course, those basis vectors then yield 
a basis of On the other hand, the union lj„g2> J-'q°^''"^^ = so that it is enough 

by linearity to show that for each element 

w = E,,j, ■ ■ ■ E,^,^ \Q)jr (ik > 0, jk < 0, \ik I , life I < M for all fc = 1, . . . n) 

there exists an integer Nw G Z>o such that A^^^w = Af^w whenever N > Nw But this follows 
from the proof of Proposition IC.8I □ 
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